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Using shear-lag theory we analyze fiber tensile and matrix shear stresses near 
elliptical holes and diamond shaped cut-outs in a unidirectional composite lamina under a 
remote tensile stress applied in the fiber direction. Such holes and cut-outs are 
traditionally treated by modeling the material as a homogeneous orthotropic continuum, 
where the details of the fiber and matrix length-scale are lost.  In this thesis, we extend 
the shear-lag framework (Hedgepeth, 1961) to build a computational model that can treat 
not only the removed material, viewed as  a group of removed fiber segments, but also 
groups of fiber breaks adjacent to the hole as would occur as the remote load is increased.   
In the shear-lag setting, the response to the hole ideally can be viewed as 
equivalent in effect to the superposition of the stress field responses of a sufficiently large 
number of isolated fiber breaks, which have a distribution of weights chosen to satisfy the 
stress free boundary condition around the hole.  By appropriate modeling of the weight 
distribution of the isolated fiber break solutions, we apply the break influence 
superposition technique (BIS), developed in the context of the shear-lag model by Sastry, 
Beyerlein and Phoenix (1996), to calculate the stress field in the composite. Stress fields 
for three different hole shapes have been studied and compared to elastic continuum-
based solutions.   
This technique is more efficient than other numerical techniques as the 
computation time is tied only to the damaged area and the weight distributions can be 
approximated well using linear, and occasionally quadratic, polynomial functions.  Once 
all the influence functions are computed, a priori, and stored as reusable quantities, 
subsequent simulations take only a few minutes.  The biggest advantage of this technique 
is that we can let the holes propagate in any fashion and calculate the stress field in a few 
minutes simply by adding the influence functions from the new fiber break to the initial 
ones and re-computing the weights.  The same task would take a much longer time for 
finite element or finite difference methods since every single change demands a new 
mesh and remodeling the whole lamina. 
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1. Introduction 
Due to their high strength and stiffness and the availability of matrix 
materials in a wide range of properties, fiber-reinforced material are widely used as 
building blocks in advanced composites.  However, their anisotropy and lack of 
ductility make it necessary to fully understand the effect of stress concentrations on 
fracture behavior.  Traditional approaches have been focused on cracks where no 
material is actually removed, and efficient methods to simulate the propagation of 
the holes in the composite plane have been hard to develop. The aim of this work is 
to study the stress concentrations near elliptical holes, notches or cuts in a 
unidirectional, fiber-reinforced lamina under tension where the material is removed 
by drilling, sawing, or by a hypervelocity projectile or inactivated by severe 
debonding.  Using the influence superposition technique we investigate the micro-
structural factors which govern the transverse propagation of a hole by breaking 
fibers.  Though actual structures may consist of several layers of unidirectional or 
multidirectional laminate, a fundamental issue is to understand the fracture behavior 
of a single lamina.  
Predicting the fracture behavior of unidirectional fibrous composites 
consisting of elliptical holes or cuts has been tackled in several ways including (1) 
computational methods, (2) elasticity methods treating the material as a 
homogeneous orthotropic continuum where all shapes have finite curvatures and 
crack singularities are observed through limiting arguments (Sarah M. Bishop,1972; 
R. T. Potter, 1977, Williams, 1953) and (3) the mathematical stress field solutions 
for idealized models that are built on classical shear-lag analysis (Hedgepeth and 
Van Dyke, 1969; Beyerlein and Phoenix 1996; Beyerlein, Phoenix and Sastry 
1996).  
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Computational approaches, such as finite element methods and finite 
difference techniques typically require the full discretization of the composite so 
only very small composites can be treated.  Furthermore, it is extremely difficult to 
simulate the propagation of the hole because each new fiber break requires a new 
discretization and much more calculation. On the other hand, the shear-lag model 
uses orders of magnitude less degrees of freedom than similar 3-D finite element 
analyses and the computation effort is mainly determined by the size of the crack or 
hole, not the composite volume.  Most importantly, the extra load related to the new 
fiber break is only dependent on the number of the broken fibers and all the original 
influence functions can be stored and reused leading to a much faster and more 
efficient simulation. Therefore, compared to finite element analysis, the shear-lag 
model can handle much larger composites with holes and notches of any shape. 
There has been a tremendous amount of theoretical work done using elastic 
analysis assuming that the lamina is infinite, homogeneous, and linearly elastic and 
in a state of plane stress.  Williams (1953) studied stress singularities due to a wedge 
in a plate subjected to extension in plane for different kinds of boundary conditions.  
He found that unbounded stresses occur for all boundary conditions for vertex angle 
between 180 and 360 degrees.  The log scale of the tensile stress and the shear stress 
decays along the crack plane linearly with the distance to the crack tip.  Several 
researchers (Savin, 1961; Green, 1945; Smith, 1944) derived theoretical solutions 
for the stresses near an elliptical hole in an orthotropic sheet under tension.  Bishop 
(1972) worked out the general solution for stress field in an orthotropic material 
with an elliptical hole and applied it to a unidirectional carbon fiber composite with 
tension applied parallel to the fiber direction.  The results show that the maximum 
tensile stress occurs at the tip of the elliptical hole and its magnitude is inversely 
proportional of the eccentricity of the ellipse ab=ε .  Furthermore, the maximum 
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tensile stress is solely dependent on the shape of the hole and the orthotropic 
material stiffness properties.  The magnitude of the tension maxima multiplied by 
the eccentricity of the ellipse ( )
max∞σσε x  is of very similar magnitude throughout 
the eccentricity range 10 ≤≤ ε . 
At the same time, experimental studies of the effect of a hole on the tensile 
fracture of multidirectional fiber-reinforced plastic laminates have enjoyed 
considerable success.  It was shown that the fracture stress is a function of hole size 
(Waddoups, Eisenmann and Kaminski, 1971; Whitney and Nuismer, 1974) and the 
propagation or restraint of a hole depends on the micro-structural conditions at the 
crack tip (Mandell et al, 1965).  Potter (1977) showed that cavities in the laminate 
may be divided into 'large' or 'small' categories as defined by their tendency to cause 
catastrophic fracture behavior and the hole size effect is a direct result of the 
material heterogeneity, governed by the properties of the fiber, matrix and 
fiber/matrix interface.  A lamina with a 'large' cavity may be treated as a 
homogeneous brittle material and its fracture property can be predicted by elastic 
analysis such as Bishop (1972).  On the other hand, for small holes, the stable 
tensile stress at the hole tip indicated by elastic analysis may become considerably 
greater than the apparent composite tensile strength before fracture occurs.  “Small” 
holes have to be characterized by the fact that the fiber failures do not initiate the 
sequential fiber failure process but form stable damage zones which consist of 
matrix and fiber-matrix interface failures propagating parallel to the fiber direction.  
Mandell, Wang and McGarry (1975) observed that localized failure at the hole tip 
increases the damage zone from which failure ultimately propagates.   
In the case of elastic analysis, questions of validity arise.  First, the fibrous 
composite sheet with an elliptical hole in it may be considered homogeneous if the 
radius of the hole tip in the sheet is large compared to the fiber diameter and the 
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sheet is large compared to the size of the hole. Meanwhile, the matrix interfaces 
have several crucial properties that can’t be homogeneous.  The matrix and fiber-
matrix interface can be much weaker in shear compared to comparable shear 
strength in a homogeneous metal material.  Yielding, debonding or fiber pull-out 
over several fiber diameters may occur to some extent.  Also, it is very unclear how 
to interpret the stress fields with the inherent local length scales such as the fiber 
diameter, fiber spacing and the effective fiber load transfer length near a break, 
assuming the lamina is actually anisotropic and heterogeneous.  Nevertheless, in 
many engineering situations, circular holes and notches in the composite lamina 
satisfy the homogeneous assumption and elastic analysis is a good enough approach. 
Second, the failure in a composite lamina involves a complex statistical 
progression of random fiber failures once one or more weak fibers break under 
increasing load.  The matrix transfers the local stress from the broken fibers to the 
surviving fibers through shear.  Experiments show that matrix plasticity and sliding 
frictional resistance of fiber pull-out largely determine the composite fracture 
properties.  In the crack tip, fibers do not break precisely along one perpendicular 
plane even though that may be the location of the highest stress concentration. 
Previous studies show that fiber strength is typically highly random and strongly 
dependent on the length scale of the loaded fiber segment.  In continuous fiber 
composites, for instance, fiber elements may show coefficients of variation up to 
40%, leading to significant fluctuation in the local fiber strength.  As a result, fiber 
elements, which are both overstressed and weak, are the most likely to break.  
Therefore, the length scales of load transfer along overstressed fibers are just as 
important as the actual stress concentrations in the area of the hole.   
Finally, elastic analysis formulations become intractable once fiber breaks 
are not nicely aligned but are close enough that the stress fields can interact with 
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each other. In this case it very unlikely one can get analytical solutions for the 
progression of fiber failure ahead of the edge of the hole.  Thus the use of elastic 
analysis from a homogeneous material perspective is very limited. 
All these factors lead to a complex failure process at the edge of a hole in a 
unidirectional composite material, thus leading to inapplicability of continuum 
models where the hole shape rather than the diameter is the crucial characteristic.  In 
order to model failure activity around a hole, we need an efficient computational 
model that can not only treat the hole where the material is removed or inactivated, 
but also can accommodate new fiber breaks near the hole edge and the local stress 
transfer activity among surviving and failed fiber and matrix elements at the high 
local tensile and shear stresses.  
The shear-lag model for fibers originated, in its simplest form, with Cox 
(1952).  The model so far has been explored in many versions and applications for 
planar and regular geometric arrays of fiber breaks (Goree and Gross, 1979; 
Hedgepeth and Van Dyke, 1967; Van Dyke and Hedgepeth, 1969; Hikami and 
Chou, 1990; Fukuda and Chou, 1981; Fichter, 1969; Beyerlein and Phoenix, 1996).  
Chou (1992) summarizes and highlights results of many studies on shear-lag 
analysis.  As mentioned earlier, Hedgepeth’s (1961) shear-lag model takes on the 
Cox (1952) assumptions that the fiber carries the entire tensile load, and deforms 
only in simple tension as modified by shear tractions imposed by the matrix.  On the 
other hand, the matrix, under relative axial displacements between the fibers,  
deforms only in shear between the fibers, but sustains no axial load.  With these 
simplifications of the full elasticity equations, the differential equilibrium equations 
reduce to a form in which the stresses found in any given fiber or matrix bay depend 
only on fiber axial coordinates, ξ , and fiber location, n .  Essential features of the 
failure propagation can be tackled including matrix plasticity in shear, fiber matrix 
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debonding, matrix closing tractions at a fiber break or tip of a larger break cluster 
and fiber pull-out effects.  This model is appropriate for a unidirectional fiber-
matrix lamina in tension, in which the fiber extensional stiffness greatly exceeds the 
matrix shear modulus.   
Several authors have extended this original model of Hedgepeth (1961) by 
modifying the geometric arrangement of fiber breaks, by accounting for matrix 
yielding and friction after debonding at the fiber-matrix interface, by allowing the 
matrix to carry appreciable tensile load and by considering tensile stress transverse 
to the fiber direction (Goree et al., 1989; Rossettos and Olia, 1993; Sastry and 
Phoenix, 1993; Wolla and Goree, 1987; Ochiai et al., 1991).  Hedgepeth and Van 
Dyke (1967, 1969) developed the two-dimensional elastic-perfectly plastic matrix 
model and a complete debonding model where they obtained an implicit analytical 
solution for the stress concentration in fiber elements immediately adjacent to a 
single, isolated fiber break.  Goree and Gross (1979, 1980) extended Hedgepeth’s 
two dimensional model to include the effects of various arrangements of fiber 
breaks as well as matrix yielding and splitting.  Dharani et al. (1983) developed 
another extension of Hedgepeth’s model to account for both longitudinal yielding 
and longitudinal fiber “damage” ahead of the crack.  The main drawback in work 
other than Sastry and Phoenix (1983) was that symmetry was assumed where all 
breaks existed in a transverse plane.  The work in Sastry and Phoenix (1983) and 
later work by Bayerlein and Phoenix (1977, 1993) allowed breaks to be placed 
anywhere in the plane, as is the case in this thesis. 
The major criticism of the shear-lag model is that it doesn't model the full 
field equations of linear elasticity.  Though adequate when the fiber volume fraction 
fV  is high enough for the fibers to support almost all the tensile load, the shear-lag 
model is not adequate when the fiber and matrix stiffness are comparable and matrix 
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yield strength is high, or when the fiber volume fraction, fV  is very low.  Tripathi et 
al. (1996) and Nairn (1988) show various shortcomings of the axisymmetric shear-
lag model in such circumstances.  Nedele and Wisnom (1994) and Case and 
Reifsnider (1995) suggest that the shear-lag model is locally inaccurate compared to 
their exact analysis and accurate numerical calculations for one fiber break in a three 
dimensional composite.  However these models ignore the inability of the matrix to 
support singular shear stress, or even shear stresses that are at their largest an order 
of magnitude less than the fiber tensile strength. These effects dramatically attenuate 
tensile stress gradients in the fiber compared to the assumption that the matrix shear 
strength and interface strength are unbounded.   
Shear-lag models for higher effective fV  values often catch the main 
features of experimental data to the level of resolution experimentally possible 
(Netravali et al. 1989; Gulino et al. 1991; Sastry et al. 1993; Schadler and Galiotis 
1995; Amer and Schadler, 1998; van den Heuvel et al. 1998; and He et al. 1999).  
Reedy (1984) shows that the stresses determined by shear-lag model are a good 
reflection of the true stresses, at least locally averagely down to a length scale of 
about one fiber diameter, by comparing the results with detailed 3-D finite element 
calculations on a composite lamina of several fibers and with a few breaks.  
Beyerlein, Phoenix and Sastry (1996) show that the stress calculations from the 
LEFM and shear-lag model actually do achieve good agreement in the crack tip 
region where LEFM is valid.  Their study also shows that the agreement actually 
improves as the transverse stiffness becomes much greater than the matrix shear 
stiffness, as may occur in plane strain situations. Since a unidirectional composite is 
inhomogeneous, agreement for a crack containing only a few fiber breaks is not 
truly expected but nonetheless turns out to be quite good.  These results for a 
transverse central crack lamina not only boost confidence in the shear-lag model and 
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increase its validity, but they also emphasize some fundamental advantages of the 
shear-lag model. 
A key development in handling shear-lag problems has been the break 
influence superposition (BIS) technique (Sastry and Phoenix, 1993) where hundreds 
of non-aligned fiber breaks and random sequences of such breaks can be handled 
easily (Beyerlein and Phoenix,1996a and b), but the matrix was treated as elastic.  
To treat matrix yielding and debonding, Beyerlein, Phoenix and Sastry (1995) 
developed an initial, simplified version, where uniformly shaped, corrective shear 
loads are applied to each matrix element in order to compensate for its 'virtual' 
elastic behavior beyond the point where it physically undergoes plastic yielding.  
However, the shear stress profiles across matrix elements near fiber breaks have 
high slope and curvature so that the method becomes inaccurate for longer yield 
zones.  The quadratic influence superposition technique (QIS) technique, introduced 
by (Beyerlein and Phoenix, 1996), was designed to overcome this shortcoming by 
making use of uniform, linear and parabolic corrections in the influence function 
technique.   
Compared to other approaches, the influence superposition technique has the 
advantages of evaluating the stress distributions everywhere in an inhomogeneous 
unidirectional fiber composite given any number and any configuration of fiber 
breaks.  This was a major shortcoming of the Hedgepeth (1961) version where 
breaks were aligned only along the vertical axis of symmetry.  
In this thesis, we extended BIS and QIS technique to study the effect of 
holes of various shapes on the tensile fracture of a unidirectional fiber reinforced 
lamina.  The basic idea is similar to the continuously distributed dislocation 
technique.   
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Figure 1. 1. Two-dimensional infinite lamina with a central hole consisiting of  N 
broken fibers where the material is removed. 
 
 
Figure 1. 2. Two-dimensional infinite lamina with a central diamond-shaped wedge 
consisiting of N broken fibers where the material is removed. 
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Figure 1. 3. Two-dimensional infinite lamina with a central hole where material is 
removed from N fibers and, debond αξ ≤≤0  and yield zones βξα ≤≤  at the tip. 
 
In the actual problem the fiber is physically absent from the hole, but in our 
model the same effect is accomplished by modeling the fiber, originally within the 
hole boundary, as a sufficiently large number of linked fiber breaks with appropriate 
influence weights to unload them in such a way as to satisfy the traction free 
boundary condition at the hole edge.  In our model, instead of placing many fiber 
breaks along each fiber in the hole, in order to deactivate them, we introduce a 
weight distribution of fiber breaks but also use segments with distributed fiber 
breaks to model the physical gap between fiber ends along the hole edge.  The goal 
is to evaluate the stress field more efficiently, and to eliminate the need for small 
elements in the hole.  
Our computationally efficient model will not only treat the removed material 
around the hole but we will also introduce new fiber breaks at the hole edge as 
would occur if the far field applied stress were high enough to break fibers at flaws.  
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The idea is to see whether these breaks will cause even more breaks as though the 
hole were simply a crack.    
The simple geometry we use in the following chapters is described in 
Figures 1.1, 1.2 and 1.3.  Figure 1.1 and 1.2 illustrate the two dimensional lamina 
with a transverse central hole or wedge where the material is removed containing N  
broken fibers aligned perpendicular to the fiber axis respectively, and Figure 1.3 
shows a hole in a two-dimensional laminate with local matrix yielding, and where 
α  and β  are the normalized extent of the yield and debond zones, respectively.   
We will first briefly present the fundamentals of the shear-lag method and 
investigate the weight distribution of distributed fiber breaks for different cases.  
Then we study the tensile and shear stress fields near different kinds of holes in an 
infinite fibrous composite plane under tension when the fiber and matrix deform 
elastically.  Connection will be drawn and comparison will be made between the 
elastic solutions of Bishop (1972) and Williams (1953) and the shear lag solution.  
We will also extend the hole size in the plane by introducing new fiber breaks at the 
edge of the hole forming short crack tips and assuming all the fiber elements have 
uniform strength.  Some key factors that would allow further propagation at the tips 
are identified based on the numerical results.  Finally, we will investigate the stress 
field involving the cases of an elastic matrix, an elastic-plastic matrix in shear, and 
fiber matrix debonding, and obtain some insight into the effect of the damage zone 
on the local stress distribution and conditions for eventual propagation of the hole.  
In principle, this computational technique can handle an arbitrarily shaped 
hole of any size.  This gives us the advantage of being able to compare the stress 
field before and after propagation of a small crack way from the hole edge, and we 
can study the effect of the new fiber breaks on the stress distribution in the plane.  
For cases involving matrix yielding or debonding, the stress and strain distribution 
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everywhere as well as the extent and shape of the yield and debond zones near the 
hole are calculated for a given the applied stress and hole shape.  To make the 
method more effective and to improve the computation speed, all the influence 
functions are computed a priori and stored in memory.  In this way, the subsequent 
computation takes only a few minutes for any given hole. 
In the infinite, planar, composite lamina containing N broken fibers, the 
stresses and strains develop monotonically under an increasing remote tensile load 
and we extend the hole by introducing new fiber breaks at the most overloaded 
loaded points on the assumption that all the fibers have uniform strength.  As 
mentioned, in reality this is far from true since the fiber elements may exhibit 
coefficients of variation that can exceed 40%, suggesting significant fluctuations in 
the local material strength and possible patterns of breaks.  Clearly in the case of 
such high variability in fiber strength the criterion for hole propagation may not be 
reflective of the actual failure of weak fibers occurring at random in the composite 
plane.   However, although the progression of fiber breaks from the side of the hole 
and through the entire plane is subjected to the variations in individual fiber 
strengths, the mean position of the growing crack front will largely behave as 
though the fibers are of uniform strength.  Furthermore, it is fundamental to the 
failure progression that the fiber stress concentration is limited by the matrix shear 
strength.  Together with the fiber strength distribution, the limitation on the fiber 
stress concentration determines the effective or apparent fiber strength and controls 
the fiber load carrying efficiency of the composite.  
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2. Fundamentals of the Shear-Lag Analysis 
 Consider a large two-dimensional fiber reinforced composite lamina loaded 
in tension and containing a central group of N  contiguous fiber breaks transverse to 
the fiber direction.  Hedgepeth (1961) formulated and solved this problem for an 
aligned transverse array using a shear-lag model, and the most quoted results are the 
stress concentration factors on the fiber immediately adjacent to the last broken 
fiber.   
As mentioned earlier this shear-lag theory (Hedgepeth, 1961) assumes that 
the fibers carry all the tension and the matrix transmits the load between fibers as it 
deforms only in shear.  This assumption greatly simplifies the analysis and 
considerably decouples the differential equilibrium equations, leading to the result 
that the tensile stress and shear stress are only dependent on the fiber axial 
coordinate ξ  and fiber number n .  Hedgepeth (1961) suggested that this model is 
only appropriate for unidirectional fiber-matrix lamina in tension where the fiber 
stiffness is much larger than the matrix shear modulus.  In recent years much work 
has been done on the shear-lag model as mentioned in the Introduction (Goree et al., 
1989; Rossettos and Olia, 1993; Sastry and Phoenix, 1993; Wolla and Goree, 1987; 
Ocjoao et al., 1991; Hikami and Chou, 1990; Gross, 1979 and 1980; Dharani et al., 
1983; Beyerlein and Phoenix 1996; Beyerlein and Phoenix 1996a,b; Beyerlein, 
Phoenix and Sastry 1996).   
Thus far most studies have been devoted to obtaining the tensile and shear 
stress distribution along the crack plane and near a crack, with some modifications 
to the original analysis and its connection to elastic analyses assuming the material 
is an orthotropic continuum.  In this thesis, we will focus on the stress field near a 
hole in a infinite, planar two-dimensional fiber reinforced composite with and 
without matrix yielding or debonding between fibers, and connection will be made 
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to the stress and strain fields calculated from an elastic analysis of a homogeneous 
orthotropic continuum.  
 
Figure 2.1.  Discretized two-dimensional fiber-reinforced composite with equal 
length fiber and matrix elements with dimensions as labeled. 
To determine fiber and matrix stress and displacement distributions near an 
arbitrarily shaped hole, it is convenient to discretize the composite in the hole and 
the damaged matrix (yielded or debonded) regions outside the hole.  Elsewhere, the 
discretization is used merely to establish spatial fiber and matrix points at which to 
calculate the stresses of interest for plotting purpose.  Unlike the finite element or 
other computational scheme, which requires full discretization of the whole 
composite, the shear-lag analysis is more exact and efficient.   
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2.1 Shear-lag analysis 
Figure 2.1 illustrates the two-dimensional lamina with an elliptical hole in 
the form of a long row of N  broken and removed fiber segments of varying lengths 
and with the transverse hole axis aligned perpendicular to the fiber axis.  Here N  is 
decided by the fiber spacing and volume fraction and the transverse dimension of 
the hole.  Evenly spaced fiber and matrix elements are arranged in a brick-like 
fashion mainly for location addressing and plotting purposes.  All the fiber and 
matrix elements are elastic and of length δ2 , where δ   is much smaller than the 
characteristic load transfer length, which is the required length for an isolated 
broken fiber to recover its elastic load as determined for instance by Hedgepeth 
(1961).  In the infinite lamina, the center fiber is numbered 0=n , the fibers to the 
right are numbered ∞= ,...,2,1n  and those to the left, −∞−−= ,...,2,1n .  The matrix 
bay to the right of fiber n  is matrix bay n .  Likewise, along the loading axis, the 
respective fiber and matrix elements are numbered in the positive direction from 
( )0, =mn  to ( )∞=mn,  and in the negative direction from ( )1, −=mn to 
( )−∞=mn, .  Thus ( )mn,  refers to a specific fiber element or matrix element.  Also 
indicated in Figure 2.1 is E , the Young’s modulus of the fibers; G , the effective 
shear modulus of the matrix; w , the effective fiber spacing; h , the fiber width and 
laminate thickness; and A  the cross-sectional area of a fiber. (For the idealization of 
square fibers 2hA = .) 
The shear-lag assumptions are incorporated when deriving the force 
equilibrium equations for fiber and matrix elements along the fiber axis.  Let ( )xpn  
and ( )xun  be the force and displacement in fiber n  at location x , under the remote 
load p  per fiber applied at ±∞=x .  Since the matrix transmits only shear forces, 
the shear force per unit fiber length is related to the differential displacements of the 
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two adjacent fibers. The effective shear stress nτ  and the shear strain nγ  in matrix 
bay n  are 
( )
( ) ( )1n n
n
G u x u x
x
w
τ +
−  =                                                 (2. 1) 
and 
( )
( ) ( )1n n
n
u x u x
x
w
γ +
−  =                                         (2. 2) 
Therefore, the shear force per unit length applied on the fiber by the matrix 
is ( )n x hτ .  For fiber regions not in contact with yielded or debonded matrix 
elements, balance of forces in the fiber direction results in the following equilibrium 
conditions: 
( ) ( )
dx
xdu
EAxp nn =                                              (2. 3) 
and 
( ) ( ) ( ) ( ) ( )2 1 1
2
n n n nn
Gh u x u x Gh u x u xEAd u x
dx w
+ −− − + −      =             (2. 4) 
For convenience, the above variables are normalized into non-dimensional 
variables. The normalized fiber loads nP , fiber displacements nU , matrix shear 
strain nΓ  and axial coordinate ξ  are  
*
n
n
p
P
p
=                                                      (2. 5) 
EAGh
w
p
u
U nn
*
=                                             (2. 6) 
G
wEAh
p
T nn *
τ
=                                                  (2. 7) 
wEAGh
p
UU nnnn *1
γ
=−=Γ +                                   (2. 8) 
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and 
Gh
EAw
x
=ξ                                                       (2. 9) 
When the matrix deforms elastically, nn Gγτ =  and thus nT and nΓ are 
equivalent.  The previously mentioned Hedgepeth characteristic load transfer length 
is the denominator of equation (2.9) GhEAw  . In previous work (Beyerlein and 
Phoenix, 1996; Beyerlein, Phoenix and Sastry, 1996), the matrix size is nominally 
set as 5/12 =δ . One interest in this work is whether we can choose δ  to be much 
larger than in previous approaches. 
Note that if the matrix is deforming elastically and there is no debonding, 
then notationally, *p  is the remote load.  If the elastic matrix has local yielding or 
debonding, we use *yp , which is the remote tensile force per fiber at the threshold 
of matrix yielding around a single fiber break at shear stress yτ , or the interfacial 
threshold stress for debonding.  The remote load per fiber P  is then 
*p
p
P =   or  
*yp
p
P =                                         (2. 10) 
where 
*y y
wEAh
p
G
τ=                                             (2. 11) 
By introducing these non-dimensional parameters, the equilibrium equations for 
fibers flanking the damaged matrix bays are 
( ) ( ) ( ) ( ) 02 112
2
=+−+ −+ ξξξξ
ξ
nnn
n UUU
d
Ud
                         (2. 12) 
( ) ( )
ξ
ξ
ξ
d
dU
P nn =                                           (2. 13) 
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and 
( ) PPn =∞±                                               (2. 14) 
 In the case of a central crack, the additional boundary conditions are zero 
tensile loads on all N  broken fibers, i.e. 
( ) 00 =nP    for  ( ) ( ) 2/12/1 −≤≤−− NnN                        (2. 15) 
In general, the fiber loads at all the broken fiber ends are zero no matter what 
the hole shape is.  Consequently, the form of the solution is independent of the 
elastic constants and volume fraction of fiber ( )fV h h w= + .  
Elastic-perfectly plastic behavior is captured by an interface constitutive 
model.   The matrix shear stress nT  at a given position increases elastically up to the 
normalized yield stress yT  and in the case of pure yielding remains constant at  yT  
under increasing applied composite load, P .  Alternatively when the shear strain nΓ  
reaches the normalized debond strain dΓ , the matrix debonds from the fiber.  As a 
result, the fiber slides exerting a constant interfacial frictional shear stress dT  on the 
matrix.  The nonlinear deformation under increasing shear strains basically includes 
the features that shear stress rises to a maximum, the matrix separates from the fiber 
and then undergoes relative sliding under a frictional shear resistance.   
In our first example of pure yielding, we assume ∞=Γd  so that pure 
yielding occurs under shear stress  yn TT =  as the shear strain exceeds the yield 
strain yΓ .  For our pure debonding example, we assume that once the interfacial 
shear strength yT  is reached, as the shear strain dyn Γ=Γ≥Γ .  In the mixed case 
one may have yielding beginning at shear strain yΓ  but up the point dΓ  at which 
point a sliding frictional shear stress dT  takes over.   
  19 
The equilibrium equations for the last broken fiber ( ) 2/1* −== NNn  and 
the first surviving fiber flanking the matrix yielded region 1* += Nn  in 0>ξ  are, 
respectively, 
( )
( ) ( ) 0*
12
2
**
*
=−−+
−
TUU
d
Ud
NN
N ξξ
ξ
ξ
                          (2. 16) 
and 
( )
( ) ( ) 0*
122
1
2
**
*
=+−+
++
+ TUU
d
Ud
NN
N ξξ
ξ
ξ
                     (2. 17) 
where dTT =
*  for the debonded region and 1* == yTT  for yielded region. 
For many broken fibers (i.e. a very large circular hole) and for high remote 
load ( )yPP >> , the neighboring matrix bays will also begin to yield at some 
distance away from the crack plane or at the boundary of the hole.  However, our 
study shows that the matrix bay between the last broken fiber and the first surviving 
fiber has by far the largest stress concentration and the load decays fairly fast in 
either direction.  Therefore it is reasonable to assume that yielding and debonding 
develops only in the neighboring matrix regions at both crack tips in our 
investigation, i.e, as the remote load increases beyond yP , the yielded region will 
only extend parallel to the fibers. 
2.2 Three basic problems 
The influence superposition analysis (Sastry and Phoenix, 1993) in the 
shear-lag model is able to solve for fiber and matrix stress profiles due to arbitrary 
holes where the material is removed or inactivated in the lamina.  In this paper, the 
location of the N  initial broken fibers is positioned at the centers of the N  fiber 
elements along the central transverse plane.  There are three “building block”, 
elastic solutions required to approximate the complete solution for a composite 
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containing arbitrarily shaped holes where the material is removed, and for a 
perfectly-plastic matrix, as well relatively weak fiber-matrix interfacial shear 
strength followed by frictional sliding.  The first problem is called “isolated break 
problem” which is the stress concentration due to a single break located at fiber 
element ( )0,0  and first solved by Hedgepeth (1961).  The second one is the “load 
couple problem”, which is the stress distribution due to a counter-clockwise point 
shear force couple, solved by Sastry (1994) and adapted by Beyerlein and Phoenix 
(1996).  The third basic element in this computational model is called “isolated 
segment with distributed breaklets” (ISDB).  To model the gap between broken 
fiber ends at the hole edge and where the material has been removed, we extend the 
first basic problem using the philosophy of distributed dislocation theory by putting 
a distribution of infinitesimal fiber breaks with distributed weight along the gap to 
satisfy the boundary condition that the tensile stress is zero in the gap.  We name 
this segment filled with infinitesimal distributed fiber breaks as an “isolated 
segment with distributed breaklets” (ISDB).  In a later section we will provide more 
details on how to distribute the weights and apply the concept in the influence 
function technique.   
2.2.1 Basic solution 1: Isolated break problem 
In this problem, a unit compressive force is applied to each end of the break 
(with no material removed) and zero tensile force is applied at infinity.  For the 
positive half plane, 0>ξ , the boundary conditions are 
( ) 100, −=+bL                                                    (2. 18) 
( ) 00, =nbV  for 1≥n  and 1≤n                                 (2. 19) 
and 
( )
0
, =
∞
ξd
dV nb
 for ∞<<∞− n                                  (2. 20) 
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where L  and V are the fiber loads and displacements respectively.  For the full 
plane solution, L  and V are constructed to be symmetric and anti-symmetric, 
respectively, about 0=ξ .  We apply the subscript “b” to distinguish the single 
break problem from the general problem.  The solutions to equation (2.12) with the 
above boundary conditions are called virtual quantities, nbL ,  and nbV , .   
 This problem was originally solved by Hedgepeth (1961) but Beyerlein, 
Phoenix and Sastry (1996) gave a more useful method by considering an equivalent 
problem with displacement boundary conditions, that is, to replace equation (2.18) 
with ( ),0 0 4bV π+ = − , which in the end gives exactly the desired solution since the 
loads on the broken fiber ends become exactly −1.  We can obtain the solution by 
using the following discrete Fourier transform approach: 
( ) ( ) ( ), expn
n
V V inξ θ ξ θ
∞
=−∞
= −∑                                  (2. 21) 
  ( ) ( ) ( )
1
, exp
2
nV V in d
π
π
ξ ξ θ θ θ
π −
= ∫                              (2. 22) 
For 0>θ , the equilibrium equation thus become 
( ) ( ) ( )
2
2
2
,
4sin 2 , 0
V
V
ξ θ
θ ξ θ
ξ
∂
− =
∂
                                  (2. 23) 
 The transformed boundary conditions of the isolated break problem for 
0>ξ  then become: 
( ) 4,0 πθ =+bV                                              (2. 24) 
( ),
0b
V θ
ξ
∂ ∞
=
∂
                                             (2. 25) 
 
  22 
 
 
 
 
 
(a) Isolated break problem 
 
 
(b) Load couple problem 
 
Figure 2. 2. Two basic elastic problems: (a) isolated break and (b) isolated point 
shear couple, with unit force applied as indicated with zero remote tensile force. 
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The transformed solution for ∞≤≤− ξπ  is then 
( ) ( ) ( )( ),
0
1
sgn cos exp 2 sin 2
4
b nV n d
π
ξ θ ξ θ θ= −∫              (2. 26) 
So the solution for the full plane, ∞≤≤∞− ξ , we obtain 
( ) ( ),
0
1
, sgn( ) cos exp 2 sin
4 2
b nV n d
π θ
ξ θ ξ θ ξ θ
  = −     
∫           (2. 27) 
( ) ( ) ( ),
0
1
, cos sin / 2 exp 2 sin
2 2
b nL n d
π θ
ξ θ θ θ ξ θ
  = − −     
∫            (2. 28) 
( ) ( ) ( ){ },
0
1
, sgn( ) cos 1 cos exp 2 sin
4 2
b n n n d
π θ
ξ θ ξ θ θ ξ θ
  Γ = + − −        
∫   (2. 29) 
where ( ) 1sgn =ξ when 0≥ξ  and ( ) 1sgn −=ξ  when 0<ξ , which is used to account 
for the asymmetry in the fiber loads. 
2.2.2 Basic solution 2: Load couple problem 
 In this problem, a counterclockwise unit force couple is applied at 0=ξ  
between fibers 0=n  and 1=n , and zero edge force is applied at infinity.  The point 
force induces negative and positive unit load jumps at 0=ξ  in fibers 0=n  and 
negative shear displacements in the matrix element ( )0,0 .  Thus for the positive half 
plane 0>ξ , the boundary conditions are 
( ) ( )
2
10
0
0,
0, −==
+
+
ξd
dV
L
c
c                                   (2. 30) 
( ) ( )
2
10
0
1,
1, ==
+
+
ξd
dV
L
c
c                                         (2. 31) 
( ) ( ) 000 ,, ==
+
+
ξd
dV
L
nc
nc  for 2≥n  and 1−≤n                     (2. 32) 
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and 
( )
( )
0
,
, =
∞
=∞
ξd
dV
L
nc
nc  for ∞<<∞− n                         (2. 33) 
 Similarly, we apply subscript “c” to distinguish the load couple problem 
from the general problem and the solutions are called the virtual quantities ncL ,  and 
ncL , .  Using the discrete Fourier transform approach, we obtain the solution in the 
full plane, 
( ) ( ) ( ){ } ( ){ } ( )( )1,
0
1
cos cos 1 sin / 2 exp 2 sin / 2
4
c nV n n d
π
ξ θ θ θ ξ θ θ
π
−
= − − −  ∫ (2. 34) 
( ) ( ) ( ) ( ){ } ( )( ),
0
1
sgn cos cos 1 exp 2 sin / 2
2
c nL n n d
π
ξ ξ θ θ ξ θ θ
π
= − − − −  ∫    (2. 35) 
( ) ( ) ( ) ( )
( ) ( )( )
, , , 1 ,
0
1
cos sin exp 2 sin 2
c n c n c n c nT V V
n d
π
ξ ξ ξ ξ
θ θ ξ θ θ
π
+= Γ = −
= − −∫
                  (2. 36) 
2.2.3 Basic problem 3: Isolated broken segment with distributed 
fiber breaks 
Following the method of the isolated break problem, we introduce the third 
necessary element for this influence superposition technique: an isolated segment 
with distributed breaklets (ISDB), which will be referred as an isolated segment for 
convenience in later chapters.  Similar to the philosophy of distributed dislocation 
theory, we integrate the isolated break solution along the gap between the broken 
fiber ends, applying a weight function in terms of polynomials yielding the 
integration coefficients.  The result is thus the influence at a point of the full 
segment.  
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 From the first basic solution, we know the solution for a fiber break is: 
( ) ( ),
0
1
, sgn( ) cos exp 2 sin
4 2
b nV n d
π θ
ξ θ ξ θ ξ θ
  = −     
∫           
( ) ( ) ( ),
0
1
, cos sin / 2 exp 2 sin
2 2
b nL n d
π θ
ξ θ θ θ ξ θ
  = − −     
∫  
( ) ( ) ( ){ },
0
1
, sgn( ) cos 1 cos exp 2 sin
4 2
b nV n n d
π θ
ξ θ ξ θ θ ξ θ
  = + − −        
∫    
 Next we compute the impact of a segment of length δ2  with distributed 
breaklets assuming the coefficient distribution is ( )ζκT , 0,1,2κ = .  We apply 
subscript “I” to distinguish the broken segment problem from the general problem 
and the solutions are called the virtual quantities nIL ,  and nIL , .   
( ) ( ) ( ), ,I n b nV T V d
δ
κ
δ
ξ ζ ξ ζ ζ
−
= −∫                               (2. 37) 
( ) ( ) ( ), ,I n b nL T L d
δ
κ
δ
ξ ζ ξ ζ ζ
−
= −∫                               (2. 38) 
  ( ) ( ) ( ), ,I n b nT T T d
δ
κ
δ
ξ ζ ξ ζ ζ
−
= −∫                               (2. 39) 
where  
( )
( )
( )
0
1
2
2
2
1
3
T
T
T
ζ
ζ ζ
δ
ζ ζ
=
=
= −
 
( )ζnIL ,  , ( )ξnIT ,  and ( )ξnIV ,  can be integrated semi-analytically.  The 
solutions are given in Appendix A and are used in subsequent computations.  Not all 
the numerical examples need the second order coefficients for the distributed 
breaklets; in fact, our numerical experiments show that the uniform approximation 
is good enough for most cases, especially when the gap length between two 
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neighboring broken fibers is small.  In the examples, we will indicate what order 
coefficients are used for the particular cases.  
 The solutions for these three basic problems are translation invariant, which 
means the solution for an arbitrarily located break or couple or segment at ( )iin ξ,  is 
obtained by simply shifting n  and ξ  in the standard solutions by in−  and iξ− .  In  
later chapters, the shifted solution will be used to determine load transmission 
factors, which are used to calculate the effects of fiber breaks and yielded matrix 
elements on the displacements and loads of all the other elements in the composite.  
2.3 Load transmission factors 
The next step is to consider an auxiliary problem where the broken fibers are 
loaded on the ends by a compressive force of magnitude P−  and no load is applied 
at ±∞=ξ , as shown in Figure 2.3.  Assume there are N ′  fiber breaks, s  isolated 
segments and t  damaged or yielded matrix elements.  In order to solve this problem, 
we need load transmission factors among all possible pairs of breaks and shear 
couple distributions from the three “building block” solutions.   
We define jiΛ  as the load transmitted onto the position of fiber break j  due 
to a unit compressive load 1−  on the break opening in fiber i , indicating that the 
proportion of the load on fiber break j  transmitted from a load iP−  at fiber break i  
is ijiPΛ .  Define ikΦ  as the load on fiber break i  due to an isolated segment with 
weight distribution ( )ζκT , 0,1,2κ =  across fiber element k  at position ( )ζξ +kkn , , 
where δ  is the local axial coordinate about the center of the fiber element and 
δζδ ≤≤− .  Define kiΩ  as the load imposed on an isolated segment centered at kξ  
due to a single fiber break i  at ( )iin ξ, .  Next, we define ( )κlkΨ  as the effective 
tension load distribution across isolated segment l  at ( )ζξ +lln ,  due to isolated 
segment centered at ( )kkn ξ,  with distributed weight ( )ζκT , 2,1,0=κ .  For the 
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tension transmitted from the shear couple on the matrix, we define ( )ki
νΠ  as the 
tension on isolated segment k due to the shear load ( ) , 0,1Sν ζ ν =  across matrix 
element i  with length η2 , where ηζη ≤≤− , 1,2,...,i t=  and t  is the number of 
damaged matrix elements. 
For the shear stress in the matrix, define ijΘ  as the shear load on matrix 
element i  due to a fiber break at ( )jjn ξ, . Let ( ) jiκΗ , 0,1,2κ =  be the shear stress 
transmitted to onto matrix element ( )iin ξ,  due to an isolated broken segment with 
distributed fiber breaks centered at ( )jjn ξ,  with length δ2 .  Define kiΧ  as the 
effective force distribution transmitted onto fiber break k  at ( )kkn ξ,  due to a shear 
load couple ( ) , 0,1vS vζ =  imposed across matrix element i  at position ( )ζξ +iin ,  
with length η2 .  Lastly, we define ( )vlkΝ  as the effective shear load distribution 
across matrix element l at ( )lln ξ,  due to shear distribution couple, ( ) , 0,1vS vζ =  
imposed across matrix element k centered at ( )kkn ξ,  with length η2 .   
All the load transmission factors depend only on the relative distance 
between respective breaks.  We will give the full mathematical expressions for all 
the load transmission factors in later chapter.  Assuming we have already calculated 
all the transmission factors, the next step is to calculate the weighting factors for the 
isolated breaks, isolated segments, and the matrix elements. 
2.4 Weighting factors, bK , IK , and cK  
In the influence superposition technique, the net tensile load on each fiber 
break or isolated segment is the weighted sum of the “self-applied” tensile load plus 
the tensile load transmitted from all other fiber breaks, isolated segments and 
yielded or debonded matrix elements in the lamina.  Similarly, the shear load 
distribution on each damaged matrix equals the weighted sum of the “self-applied” 
shear loads and the shear load distributions transmitted from all other fiber breaks, 
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isolated broken segments and damaged matrix elements in the composite lamina. 
Thus, the next step is to determine weighting factors for all the elements such that 
the overall compressive load on the broken fiber boundary is 
PPb −=− , the load on 
the isolated segment is PPI −=− *  and the shear load on the damaged matrix 
is yT± (for a perfectly plastic yielding matrix element) and dT± (for a debonded, 
sliding matrix element, yd TT < .   
 
 
 
 
Figure 2. 3. Auxiliary problem: Two dimensional fiber-reinforced composite with a 
central hole where material is removed and subject to a remote uniform tensile load. 
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Define ibK ,  as the weighting factors corresponding to each fiber break i , 
( )κ
kI
K
,
 as the weights corresponding to each of the three weight distribution profiles 
for isolated segment ( ) , 0,1,2Tκ ζ κ =  and ( )νcK as the weights corresponding to each 
of the two shear load profiles ( ) , 0,1vS ζ ν =  on each yielded or debonded matrix 
element .  Here, ( )ζκT  and ( )ζνS  are both polynomials: 
( )
( )
( )
3
1
2
2
2
1
0
δ
ζζ
ζζ
ζ
−=
=
=
T
T
T
 
and 
( )
( ) ζζ
ζ
=
=
1
0 1
S
S
 
Obtaining all the weighting factors requires solution of a linear system of 
tsN 23 ++′  equations for weighting factors. 
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      (2. 40) 
In this matrix equation, bP−  and bK are both N ′ -dimensional vectors, 
*IP− , *1P , *2P  and 
( )κ
IK , 0,1,2κ = , are all s -dimensional vectors, and *0T , *1T  
and ( )νcK , 0,1v =  are all t -dimensional vectors.  Λ , 
( )κΦ , ( )νκ ,Χ , ( )κΩ , ( )κκ ,Ψ , ( )νΘ , 
( )κν ,Η  and ( )νν ,N  are matrices whose elements have been defined above and, 
respectively, have dimensions NN ′×′ , sN ×′ , tN ×′ , Ns ′× , ss×  , Nt ′× , 
st × and tt × .  The N ′ -dimensional vector bP−  has components PP ib −=− ,  for 
1,...,i N ′= , the s -dimensional vector *IP−  has components PP kI −=− *,  for 
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1,...,k s=  and the t -dimensional vector *0T  has components 0, *j yT T= ±  or dT±  
for 1,...,j t=  depending on whether the particular element is yielded or debonded, 
as described above.  On the other hand, the s -dimensional vectors *1P  and *2P  
have components 0** ,2,1 == kk PP  for 1,...,k s=  and the t -dimensional vector  *1T  
has components 1, * 0jT =  for 1,...,j t= .  
Note that the load couple weight factors ( )ν jcK , , 0,1v =  represent the 
differential shear forces exerted by a damaged matrix element j  on its adjacent 
flanking fibers.  In another words, these ( )ν jcK ,  decide the difference in shear force 
between what a damaged matrix elements actually exerts and what it would exert if 
it were deforming elastically under the same shear displacement.  If the matrix, in 
fact, deforms elastically then its ( )ν jcK ,  vanishes. 
Thus for the auxiliary problem, the fiber and matrix loads and displacements 
at arbitrary position ( )ξ,n  are the weighted sums of the influences of fiber breaks, 
continuously distributed breaks and damaged matrix elements in the lamina. 
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The matrix shear stress nT  is then 
( ) ( ) ( ) ( ) ( ) ( )
3 3
0 0
, ,
3 3
k k
N s t N s t
n n c k n n k c k n n k
k N s k N s
T K I K Iξ ξ ξ ξ ξ ξ ζ
′ ′+ + + +
− −
′ ′= + = +
= Γ + − + −∑ ∑         (2. 44) 
where 
( )
1, and 0
0, otherwise
n
n
I
ξ η
ξ
≤ =
=                        (2. 45) 
Finally, to calculate the desired exact solution for the lamina loaded by P  at 
±∞=ξ , a tensile load of unity is superimposed onto the solutions, thus canceling 
out the load applied to the hole boundary.  The dimensionless matrix shear strain nΓ  
and stress nT  remain the same, but the fiber loads ( )ξnP  and displacements ( )ξnU  
become 
( ) ( ) PLPn += ξξ                                              (2. 46) 
and  
( ) ( ) ξξξ PVU nn +=                                           (2. 47) 
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3. Weighting Factor and Distributions at Fiber Breaks 
In this chapter, we will investigate the weighting factors for the distributed 
fiber breaks in the isolated segment.  As we mentioned earlier, to simulate a broken 
fiber where the material is removed or inactivated, similar to the philosophy of the 
distributed dislocation theory, we integrate the isolated break solution along the gap 
between the broken fiber ends, applying weight functions in terms of simple 
polynomials, and integrating to determine the multiplying coefficients.  Thus the 
integral provides the influence of the distributed fiber breaklets on the other 
locations in the lamina.  We will study three cases: a longitudinal crack consisting 
of a single broken fiber, a hole containing multiple broken fibers, and a rectangular 
hole. 
3.1 Single broken fiber 
We begin with the simplest case and study the weighting factor distribution 
of the isolated breaks, i.e., a longitudinal crack made of a fiber broken in two places 
with the resulting segment removed.  To simulate the broken fiber with removed 
segment a2 , we ideally put a sufficient number of isolated breaks with different 
weights in the cavity.  However, this is not very realistic for the numerical 
simulation, especially for a large removed segment.  Instead, we investigate the 
distribution of weights imposed at each isolated break in the cavity and try to 
develop suitable functions to yield integration coefficients to simulate the 
corresponding weight distribution.  In this way, we can greatly reduce the 
computational load. 
Figure 3.1 (a) illustrates the cavity profile and notation for our computation 
scheme.  Fiber 0  is broken at two places to yield segment of length a2 .  In the 
figure, we use big dots to denote the two fiber breaks and thick straight lines to 
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represent the resulting isolated segment which have distributed fiber breaklets.  We 
use q  to show the position of the surviving fiber and matrix bays: 1=q  represents 
the first surviving fiber or matrix bay.   
Figure 3.2 shows the weight distribution for 100 fiber breaks embedded in 
the cavity of length 12 =a , which is the Hedgepeth characteristic load transfer 
length.  Clearly, all the isolated breaks have almost uniform weight except the two 
breaks at the ends of the cavity. The magnified picture in the figure shows the  
weight changes more steeply toward the end of the broken fibers.  Mathematically, 
we can approximate the weight distribution by a zero order or  possibly higher order 
polynomial for the middle piece and two delta functions at the boundary of the 
cavity.  In another words, to capture the physical behavior, we will use an isolated 
segment, with a continuous distribution, and two isolated fiber breaks at each end to 
model this gap. 
Figure 3.3 shows the weight distribution for 200 fiber breaks which are 
embedded over a segment in the cavity of much larger length 202 =a  between two 
fiber ends.  We can see that unlike the previous case where the weights for the 
isolated broken segment between two breaks are almost uniform and the zero order 
approximation is good enough, for the larger gap length the weight distribution is 
more complicated and higher order polynomials will be required to reflect the slope 
and curvature effects in the weight distribution.  
On the other hand we can instead divide the broken segments into shorter pieces 
between the broken fiber ends at a±=ξ .  Figure 3.1 (b) shows the structure where 
the broken segment is divided into three sub-segments with equal length.  In general, 
our numerical experiments show that it is more efficient to split the segments based 
on the slope and curvature, instead of dividing them evenly.  For example, in our 
case, the broken segments can be divided more densely near the broken fiber tip 
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because the slope is quite large and the curvature there is changing rapidly.  We will 
discuss the efficiency of both methods in the later chapter. 
 
 
 
(a) 
 
(b) 
Figure 3. 1. A hole with one broken fiber with gap of length 2a in a laminate: (a) 
One isolated broken segment in the gap, (b) Three isolated broken segments in the 
gap. 
 
  35 
 
Figure 3. 2. Weight distributions for single broken fiber with gap distance, 12 =a . 
 
Figure 3. 3. Weight distributions for single broken fiber with gap distance, 202 =a .  
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Figure 3. 4. A hole containing three broken fiber segments. 
 
3.2 Holes containing multiple broken fibers 
Next, we study the weight distribution of isolated breaks for cavities 
containing multiple adjacent broken fibers.  This particular example contains three 
broken fibers and the gap profile for the broken fibers is shown in Figure 3.4. 
Figure 3.5 and 3.6 plot the weight distribution for fiber 0=n  and 1±=n . 
For broken fiber 1±=n , the weights for all the isolated breaks are approximately 
uniform except in the region close to the broken fiber ends, which has similar trends 
to the single broken fiber case.  At the boundary of the cavity, ( )1±= aξ , the fiber 
break at each tip has a much higher weight in contrast to the uniform weight in the 
middle, which suggests two fiber breaks at the edge are needed  to catch the spikes 
in the displacements and weights.   
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Figure 3. 5. Weight distribution for fiber 0=n  for the hole profile,  
( ) ( ) ( )( ) ( )2 1  2 0  2 1 1  5  1a a a− = . 
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Figure 3. 6. Weight distribution for fiber 1=n  for the hole profile, 
( ) ( ) ( )( ) ( )2 1  2 0  2 1 1  5  1a a a− = . 
 
For the broken fiber in the middle of the cavity, 0=n , the weight 
distribution consists of three parts and is symmetric about the center, 0=ξ .  Four 
isolated fiber breaks and at least three isolated segments will be needed to 
approximate the spikes and the three continuous regions between the spikes.  For the 
region ( )1aξ ≤ , overlapped by the gap of the neighboring broken fiber, the 
weights are distributed uniformly approximately.  On the other hand, for ( )1aξ ≥ , 
the weight  distribution for the fiber breaks increases fairly rapidly and its curvature 
decreases approaching the hole boundary, ( )0a=ξ , which suggests using at least a 
linear polynomial to approximate the weight distribution for the fiber breaks.  
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From the figure, we can see that the fracture effect of the tips of each broken 
fiber is spread out in the entire cavity.  The total number of fiber breaks and the 
isolated segments needed to model the hole for each fiber is determined by the 
number of broken fibers and the gap length of each fiber.  The fiber breaks and 
isolated segments for the broken fiber with shorter gap lengths are always inherited 
by the ones with a longer gap length.  In our example as shown in Figure 3.4, the 
fiber in the middle has four fiber breaks, two inherited from the neighboring fiber 
tips at ( )1aξ =  and two from its own tips.   
 
Figure 3. 7. A rectangular cavity containing three broken fibers, 
( ) ( ) ( )( ) ( )2 1  2 0  2 1 5  5  5a a a− = . 
 
Overall, the total number of fiber breaks and broken segments needed for a hole is 
proportional to 2N . 
3.3 Rectangular cavity 
Lastly, we will try a rectangular cavity (i.e. all the gaps of the broken 
fibers have equal length) and study the weight distribution for the fiber breaks in 
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the gap.  Figure 3.7 shows the cavity profile and the basic notation for our 
computational scheme.  
Figure 3.8 shows the weight distribution for fiber breaks embedded in the 
gap.  All the isolated segments between the broken fiber tips have almost the 
same distribution except that fiber 0=n  has higher spikes at ( )0aξ = ±  than 
fiber 1±=n .  Furthermore, the distribution profile is actually very similar to the 
profile of the single broken fiber case.  Therefore, introducing new broken fibers 
with the same gap distance doesn’t change the structure of weight distribution 
much.  Three isolated segment with distributed fiber breaks and six isolated fiber 
breaks are good enough for a rectangular cavity in our case.  If there are 
N broken fibers, the total number of fiber breaks and broken segments with 
distributed fiber breaks needed for a rectangular cavity are N2  and ,N  
respectively.  If the cavity gets larger, as suggested in Section 3.2, we can divide 
the segments into shorter pieces in the gap near the cavity boundary for every 
broken fiber or use higher order polynomials to approximate the distribution. 
3.3 Conclusion 
In this chapter we have put a sufficient number of fiber breaks in the cavity 
containing one single broken fiber or multiple broken fibers to simulate the stress 
field near a hole where the material has been removed from fibers in a fibrous 
composite plane with tension applied at infinity.  We have studied the weight 
distribution for the fiber breaks in the hole and have proposed a basic computational 
scheme to simulate all the fiber breaks using the concept of distributed dislocation 
theory.  Basically, using different order of polynomials to approximate the weight 
distribution of the fiber breaks for different parts of the broken fiber will be the key 
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technique.  Isolated fiber breaks and isolated segments with distributed fiber breaks 
are the key elements to realize this technique.   
 
 
Figure 3. 8. Weight distribution for fiber 1=n  and 0=n  for the rectangular cavity . 
( ) ( ) ( )( ) ( )2 1  2 0  2 1 5  5  5a a a− = . 
 
The number of fiber breaks is decided by the number of the broken fibers 
and the shape of the cavity.  If all the broken fiber has the same gap length, we only 
need to put fiber breaks at the boundary of the cavity and isolated segments with 
distributed fiber breaks in the middle.  Otherwise, the broken fiber with longer gap 
requires the fiber breaks and broken segments paced above and below the break 
ends in the fiber with shorter gap in the cavity.   
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Figure 3. 9. An elliptical hole in a two dimensional composite plane 
Figure 3.9 shows the structure made for an elliptical cavity as an example.  
The big dots denote the fiber breaks and the solid line between the dots denotes the 
isolated segment.  The shortest gap is at the cavity tip and the gap gets larger as one 
moves towards the central broken fiber in the cavity.  Therefore, two fiber breaks 
are put at the broken fiber ends for the last broken fiber and an isolated segment 
exists between its two end fiber breaks.  The second last broken fiber inherits the 
fiber breaks and isolated segments of the last broken fiber and this adds two more 
fiber breaks near its own fiber ends.  There are two more isolated segments 
accordingly if its gap length is larger than the previous fiber gap.  Similarly, the next 
fiber inherits everything from the previous one and adds its own fiber breaks and 
segments if it has a larger gap than the previous one until we reach the middle fiber, 
0=n , which has all the fiber breaks and segments introduced by the other broken 
fibers.  In general, the broken fiber ends always have isolated fiber breaks there to 
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catch the spike brought about by the edge of the hole and the segments can be 
divided into shorter pieces for more accurate approximation.  Therefore, we can see 
that the total number of fiber breaks and broken segments are of the order of 2N  if 
all the broken fibers have different gap lengths. 
There is always at least one broken segment between two fiber breaks, 
which can always be divided into short segments if the gap distance is large.  It is 
recommended that shorter segments be used near the broken fiber ends because this 
is where the curvature of the distribution changes rapidly.  We will perform many 
examples for different cavity shapes to demonstrate the use of the technique in later 
chapters and then we will introduce matrix yielding and debonding using the QIS 
technique to get more insight into the fibrous composite fracture. 
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4. Framework of the Influence Superposition 
Technique 
In the last chapter, we studied the weighting distribution of fictitious fiber 
breaks, which were placed within a hole of any shape to model the effect of the hole 
on stress field.  In this chapter, we discuss in detail how to calculate the load 
transmission factors and compute the weighting factors for fiber breaks and 
segments.  Without loss of generality, we will set up the framework for an elliptical 
hole with elastic fiber and matrix bays.  In the last chapter, we will discuss how to 
include matrix yielding and debonding in the computational model. 
We assume there are N  broken fiber lengths removed from the hole, which 
involve N ′  single fiber breaks and s  isolated broken segments with distributed 
fiber breaks to simulate the hole behavior.  Figure 3.9 gives a schematic of the basic 
computational framework for an elliptical hole with material removed or inactivated.  
A dot denotes a fiber break and a solid line denotes an isolated segment.  As 
suggested by the weight distribution study in the previous chapter, the broken fiber 
with longer gap inherits the need for fiber breaks and isolated segments of the 
adjacent one with shorter gap.  Thus the total number of fiber breaks and isolated 
segments are of order 2N  for an ellipse where all the broken fibers have different 
gap lengths. 
Thomas (1966) studied the effects on the shear stress distribution in an 
elastic matrix of aligned fibers having various lap lengths both with and without 
matrix material in the gap.  The results show that it made little difference whether 
the gap ends contained matrix or not.  Peak stresses are about the same in the open 
models as in the filled gap models.  Therefore, our model applies to a cavity with or 
without matrix material inside.   
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Break influence technique (BIS) was first developed by Sastry and Phoenix 
(1993) to handle large numbers of breaks in complicated arrays.  Results of 
Beyerlein, Phoenix and Sastry (1996) show that for a sizable crack, the BIS 
technique and the Mode I LEFM solution for an orthotropic material achieve good 
agreement down to the scale of one fiber diameter and even better agreement with 
the complete elasticity solution both in the near crack tip field and far field, 
regardless of the composite stiffness.  The main advantage of this technique is that 
unlike the other computational methods, it calculates the exact solution of the fiber 
and matrix loads and displacement and the discretization is only required in the 
damaged region (inside the hole, or at yielded or debonded matrix bays).  Therefore, 
the shear-lag analysis can handle much larger composites with many more fiber 
breaks since the computational demands are only decided by the size the damage 
not the overall composite volume.    
On the other hand, thus far, the technique has been applied to cracks (Sastry 
and Phoenix, 1993; Beylerlein, Phoenix and Sastry,1996) or cracks with damaged 
matrix (Beyerlein and Phoenix,1996), i.e. the technique has been focused on the 
composite plane where no fiber material has been removed.  No study exist which 
explores the effect of a hole on the tensile fracture of fiber reinforced laminates and 
nor studies how well the elastic solution and the shear-lag analysis agree with each 
other.  The goal of this chapter is to build up a computationally efficient method 
using shear-lag analysis to calculate the stress field near a hole.  We will later 
calculate several examples for holes of different shapes using the scheme built up 
here, and compare our results with the elastic analysis (Bishop, 1972; Williams, 
1953; Potter, 1977).   We will draw some connections between the discrete model 
and the continuum model. 
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4.1 Load transmission factors 
After allocating the fiber breaks and isolated segments, we now consider 
calculation of the load transmission factors among all possible pairs of breaks and 
isolated segments in detail using the shifted solutions to the fiber break and the 
isolated segment.  As we discussed before, both solutions are translation invariant, 
and therefore the load transmission factors depend only on the relative distance 
between different pairs of fiber breaks and broken segments ( ),, jiji nn ξξ −− .  For 
the present analysis, the matrix deforms elastically and no yielding or debonding is 
considered. 
For the isolated fiber break problem, let jiΛ  be the load transmitted onto 
fiber j  due to a unit compressive load, 1− , on fiber break i .   Thus the proportion 
of the load on fiber break j transmitted from a load iP−  at fiber break i  is ijiPΛ .  
The expression for jiΛ  is as follows: 
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Note that jiΛ  is symmetric, ji ijΛ = Λ  and 1−=Λii . 
Let ikΦ  be the effective force distribution transmitted onto fiber break i  due 
to an isolated segment with weight distribution ( )ζκT , 0,1,2κ =  across broken 
segment k  at position ( )ζξ +kkn ,  where ζ  is the local axial coordinate about the 
center of the fiber element and δζδ ≤≤− . That is  
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where  
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Define kiΩ  as the load imposed on isolated segment centered at kξ  due to a 
single fiber break i  at ( )iin ξ, . Particularly, kiΩ  is a second order polynomial 
approximation for the induced tension load per unit length across the isolated 
broken segment at ( )ζξ +kkn ,  where δζδ ≤≤− . 
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Specifically, we approximate kiΩ  with Taylor series,  
( ) ( ) ( ) 3/22,0 δξξ kiikki iknnbL Ω+−=Ω −                                (4. 4) 
for Ni ′= ,...,1 and 1, ,k N N s′ ′= + … + . 
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  (4. 6) 
Next, we define ( )κlkΨ  as the effective tension load distribution across 
isolated broken segment l  at ( )ζξ +lln ,  due to isolated broken segment centered at 
( )kkn ξ,  with weight distribution ( )ζκT , 0,1,2κ = .  We assume 
 
( ) ( ) ( ) ( ) ( )0, 1, 2, 2 2 3lk lk lk lkκ κ κκ ζ ζ ζ δΨ = Ψ +Ψ +Ψ −                             (4. 7) 
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for δζδ ≤≤− , , 1,...,l k N N s′ ′= + +  and 0,1,2κ = . Using a Taylor series 
approach about the isolated broken segment centers 
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and 
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( )κ,0
lkΨ , 
( )κ,1
lkΨ  and 
( )κ,2
lkΨ  also can be integrated semi-analytically. See Appendix B 
for all the related results.  As mentioned earlier, once all the influenced functions are 
computed a priori and stored, the following computations will only take a few 
minutes.  
4.2  Weighting factors  
After determining all the load transmission factors, for the N ′  fiber breaks 
and s  broken segments, a system of sN 3+′  equation is solved for the weighting 
factors of all the fiber breaks and broken segments with distributed fiber breaks by 
applying the boundary condition that the tensile stress in the cavity and at the 
boundary is zero.  Keep in mind that both the fiber and the matrix deform elastically 
in this chapter, so we don’t apply the load couple to the matrix bays here to cancel 
out the difference in shear force between what a damaged matrix element actually 
exerts and what it would exert if it were deforming elastically under the same shear 
displacement. In another word, we don’t need 0 1*, *,T T Θ  and Η  terms to solve for 
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the coefficients.  The necessary linear system is made of sN 3+′  equations in this 
case.  The matrix equation is  
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                (4. 11) 
In this matrix equation, bP−  and bK  are both N ′ -dimensional vectors, 
*IP− , *1P , *2P  and 
( )κ
IK , 0,1,2κ = , are all s-dimensional vectors.  Λ , 
( )κΦ , 
( )κΩ  and ( )κκ ,Ψ are matrices whose elements have been defined above and 
respectively have dimensions NN ′×′ , sN ×′ , Ns ′×  and ss× .  The N ′ -
dimensional vector bP−  has components PP ib −=− ,  for 1,...,i N= , the s-
dimensional vector *IP−  has components PP kI −=− *,  for sk ,...,1=  and on the 
other hand, the s-dimensional vectors *1P and *2P  have components 
0** ,2,1 == kk PP  for 1,...,k s= . 
The fiber and matrix loads and displacements for any n  and at any axial 
distance ξ  are the weighted sums of the influences of all the fiber breaks and 
isolated segments. 
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The matrix shear stress is equal to the shear strain here since the matrix is deforming 
elastically. 
Finally, to calculate the desired exact solution for the lamina loaded at 
±∞=ξ , a tensile load of unity is superimposed onto the solutions, thus canceling 
out the load applied to the hole boundary.  The dimensionless matrix shear strain nΓ  
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and stress nT  remain the same, but the fiber loads ( )ξnP  and displacements ( )ξnU  
become 
( ) ( ) PLPn += ξξ                                         (4. 15) 
and  
( ) ( ) ξξξ PVU nn +=                                        (4. 16) 
As mentioned earlier, if the numerical results are not satisfactory, we can 
always subdivide the isolated segments into smaller segments to improve accuracy 
or increase the order of the polynomials to simulate the weight distribution of fiber 
breaks.  However, smaller segments always lead to more computation load and 
slower speed.  Most of the time, it’s not necessary to add degrees of freedom.  
Instead, we can also force the shear stress in the broken matrix bays to be zero 
simply by adding a few rows in the load transmission factor matrix.  In this way, the 
number of unknowns is larger than the number of equations and the system is solved 
by the least square method.   
For the shear stress in the matrix, we define ijΘ  as the shear load in 
matrix element centered at ( )iin ξ,  due to a fiber break at ( )jjn ξ, , and this is 
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We define ( )νjiΗ , 0,1ν =  as the shear stress transmitted onto matrix element 
( )iin ξ,  due to an isolated segment centered at ( )jjn ξ,  andwith length δ2 , and 
we have  
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( )ν
jiΗ  can also be integrated semi-analytically.  See Appendix B for the details and 
results. 
Assuming we have m  allocation points for the shear, the linear system 
becomes 
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Here )0(cK and *0T are m-dimensional vectors and 
( )νΘ  and ( )κν ,Η  are matrices 
which have dimensions Nm×  and sm× .  Also *0T  has components 0*,0 =jT  for 
1,...,j m= .  The calculation of the tensile stress, shear stress and displacement is the 
same as in equations (4.12), (4.13) and (4.14). 
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5.  Simulation Results 
We now use the break influence technique presented in the last chapter to 
investigate the stress concentration near a hole in a fiber reinforced composite 
laminate subjected to tension at infinity as described in Figure 1.1.  The far-field 
stress applied to the composite is assumed to be the stress applied directly to the 
fiber, and each fiber segment is a linearly elastic body with uniform tensile strength.  
The central transverse configurations we will study include a transverse array of one 
broken fiber with removed segment of length 2a , a diamond-shaped wedge and an 
elliptical hole.  In the algorithm, we take advantage of the configuration’s double 
symmetry in determining the load transmission factors and the stress field near the 
hole. 
We study the following behavior of stresses ahead of the hole tip: (1) the 
normal stress, xσ , decaying along the crack plane ahead of the hole tip, (2) the 
shear stress, xyτ , decaying along the crack plane ahead of the hole tip, (3) the fiber 
stress, xσ , vs the fiber axial distance ξ , (4) the shear stress, xyτ , vs the fiber axial 
distance ξ , and (5) the normal stress gradient along the crack plane.  Results will be 
compared to results from elastic analysis (Bishop, 1972; Williams, 1953; Potter, 
1977) and connection will be drawn between the two resulting forms of solution.  
We begin with a simple example of longitudinal crack consisting of one broken 
fiber and then move on to the wedge and the hole. 
5.1  Example 1:  Single Broken Fiber 
5.1.1 Short gap distance 
Since the previous study shows that the weight distribution is approximately 
uniform for the short gap of a single broken fiber, we test the zero order 
approximation here first. 
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As shown in Figure 5.1, there is only one broken fiber centered at ( )0,0  and 
the gap length is 22 =a .  We use q to indicate the position of the intact or surviving 
fiber in the figures. For example, fiber 1=q  means the first intact fiber.  We model 
this with only one isolated segment and one fiber break at each end of the full gap. 
 
 
 
 
 
 
 
Figure 5. 1. One broken fiber with gap of length 2a in a composite lamina. 
 
  54 
 
Figure 5. 2. Tension distribution along the broken fiber, 22 =a .  
 
Figure 5. 3. Shear stress distribution along the broken matrix bay, 22 =a .  
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Figures 5.2 and 5.3 show the tension and shear stress distributions along the 
broken fiber and matrix bay between the first intact fiber and the broken fiber.  As 
expected, the tensile stress and shear stress are zero for aa ≤≤− ξ  .  The matrix 
bay, however, has shear stress concentration since it must transfer the load from the 
broken fiber to the flanking surviving fibers over a short distance.  The maximum 
shear stress concentration in this case is lower than the stress concentration for an 
isolated fiber break (Hedgepeth 1961) since the flanking fiber provides less 
constraint to the broken fiber in the present case.  As the gap length increases, the 
shear stress concentration decreases and eventually converges to about 7.0 . 
 
 
 
Figure 5. 4.  Displacement profile along the broken fiber, 22 =a . 
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The displacement profile along the broken fiber is shown in Figure 4 and the 
displacements in the isolated segment in the central region aa ≤≤− ξ  are, of 
course artificial, because the influence superposition technique actually places 
virtual fiber elements in the cavity.  However, it does indicate the nature of the 
displacement distribution from body forces that would be needed to have the same 
effect as a physically removed segment.  Since the tension at the broken fiber ends 
is zero, the displacement profile there is correspondingly flat, and as the tension 
builds up in the fiber, the slope of the displacement increases and finally the 
displacement converges to the profile as if the fiber wasn’t broken.   
In this example of 1a =  it takes about two characteristic lengths for the 
broken fiber to recover its load.  In general, as the gap gets larger, it will take a 
longer distance to recover the load since the lamina outside the gap provides less 
resistance in constraining the broken fiber, which also leads to larger deformation 
around the gap.  Compared to Hedgepeth (1961), the longitudinal crack has a larger 
opening displacement than an isolated fiber break as the flanking fiber at 
aa ≤≤− ξ  provides more flexibility and the lamina behaves less stiff. 
Figure 5.5 and figure 5.6 plot the stress distribution along the first five 
surviving fibers and matrix bays. We can see that the maximum tensile stress 
concentration is at the broken fiber end a=ξ  in the first surviving fiber.  The other 
neighboring fibers have their maximum points at the center 0=ξ .  The shear stress 
concentration in matrix bays between surviving fibers is much smaller than that in 
the matrix bay between the broken and the first surviving fiber. This observation 
leads to our yielding or debonding model in later chapters where yielding or 
debonding only propagates along the matrix bay between the last broken fiber and 
the first surviving fiber. 
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Figure 5. 5. Fiber tensile stress concentration along the first five surviving fibers, 
22 =a . 
 
Figure 5. 6. Shear stress concentration along the first five surviving matrix bays, 
22 =a . 
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Compared to the stress concentration in Hedgepeth (1961) where there is 
only one fiber break, the maximum tensile stress concentration factor (SCF) of the 
first surviving fiber for 22 =a  is much smaller.  The tensile load concentration is 
down to about 2/1  by the second fiber and 11/3  by the third and 7/1  by the fourth 
surviving fiber.   On the other hand, the load for the isolated break decays much 
more rapidly, which compensates the higher stress concentration at the nearest intact 
fiber.  So increasing the gap length of the broken fiber decreases the overload but 
increases the overstressed length.  Note that in reality, fiber elements have 
significant fluctuations in the local material strength due to flaws.  So while a longer 
gap doesn’t induce higher stress concentration, neighboring fibers may actually be 
more likely to break because of the longer region over which flaws could be found.  
 
 
Figure 5. 7. Tension along the first surviving fiber. 
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Figure 5.7 shows the tensile stress distribution along the first surviving fiber 
for different gap lengths, 2a .  The maximum stress concentration decreases and the 
load recovery distance increases as the gap gets larger.  It also takes a much shorter 
length for fibers neighboring a longer gap to drop into slight compression (relative 
to the far field load) outside the overloaded area.  The level of compression changes 
with the gap length too; the longer the gap, the more severe the compression.   
 
 
Figure 5. 8. Tension along the second surviving fiber. 
 
Figure 5.8 plots the tension distribution along the second surviving fiber for 
different gap lengths.  The fiber near a gap has higher stress concentration factor 
than the one neighboring a fiber break because the gap causes a larger overloaded 
area on the first surviving fiber, whose accumulation of tension determines the 
stress concentration factor on the second surviving fiber.   The stress maximum is at 
the crack plane, 0=ξ , for all the cases due to the symmetry in the geometry.  The 
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longer the gap is, the more severe the compression is and the larger the unloading 
length is.  As the gap distance increases, the maximum stress concentration factor 
drops, but the overloaded area increases.  As the gap length increases, a hump is 
expected, with shape similar to the first surviving fiber. 
 
 
Figure 5. 9.  Tensile stress distribution along the broken fiber, 1002 =a . 
5.1.2 Long gap distance 
Figures 5.9 and 5.10 plot the tensile stress and shear stress distribution along 
the broken fiber and the broken matrix bay, respectively, for a large gap 1002 =a .  
Both figures show small non-physical spikes towards the end of the broken fiber.  
There are a few ways to improve the results. As seen in Figure 3.3, the weight 
distributions of fiber segments towards the end of the broken fiber tend to be more 
complex than captured by the uniform distribution.   
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Increasing the number of segments especially near the end of the broken 
fibers is expected to capture the change of curvature.  The second method to be 
investigated is to use higher order polynomials to approximate the weight 
distribution.  Both methods will be used in later chapters. 
 
 
Figure 5. 10. Shear stress distribution along the broken matrix bays, 
1002 =a . 
The shear stress distribution along the matrix bay between the first flanking 
fiber and the broken fiber is presented in Figure 5.11.  As mentioned before, as the 
gap gets larger, the maximum shear stress concentration decreases because the 
surviving fiber deforms over the region aa ≤≤− ξ  and overloads become milder.  
Note that maximum tensile stress concentration drops very rapidly further away 
from the broken fiber.   
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Figure 5. 11. Stress concentration along the broken matrix bays, 1002 =a . 
 
Figure 5. 12. Shear stress along the flanking matrix, 1002 =a . 
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Figure 5. 13. Tension along the surviving fiber, 2 100a = . 
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Figure 5.13 shows the tensile stress concentration for the first five surviving 
fiber. Interestingly, all the fibers have almost the same load profile except at the 
point a±=ξ .  We have studied up to twenty flanking fibers and the tensile load 
distribution keeps the same shape in the region overlapped by the gap. The 
maximum stress concentration is very low at about 1.03, but the overloaded area 
spreads out by a very significant distance.  This observation is also very important 
evidence for one of the idealized load redistribution models, the equal load sharing 
(ELS) rule. 
 
 
 
 
 
Figure 5. 14. One broken fiber of length a2  modeled by three isolated broken 
segments and two fiber breaks. 
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5.1.3 Correction with denser segments 
As seen in last section, as the gap gets larger, one isolated segment is not 
accurate enough to catch the weight distribution of fiber breaks, especially near the 
broken fiber ends.  The simplest way to improve this is to use more segments 
between fiber breaks to catch the rapid change of weighting factors required near 
the hole edge.  The segment can be uniformly divided, but our numerical 
experiment shows that it’s more efficient to place shorter segments near the 
boundary of the hole where the weighting factors changes sharply.  The new 
allocation of the fiber break and the segment is described in Figure 5.14, which has 
four segments between the fiber break at each end of the broken fiber. 
Figures 5.15, 5.16 and 5.17 show a comparison of results for 1002 =a .  As 
shown in the figure, the tension and shear stress field simulated by more segments 
in the cavity is much closer to the “correct” stress field, i.e., the tensile stress and the 
shear stress in the cavity are approximately zero.  Especially the spikes near the 
edge of the broken fiber in Figure 5.9 are reduced and the unwanted shear stress 
reversal near the edge of the broken fiber is almost gone. The improved tensile 
stress concentration is slightly higher because the virtual fiber element no longer 
supports tension.   
Note that more segments lead to more computational demand and longer 
simulation time.  For a hole containing many broken fibers, this increment of load 
will become more obvious since the longer gap has to inherit the fiber breaks and 
segments from the shorter gap.  One must be aware of the trade-off between the 
computation load and the improvement of the stress concentration accuracy before 
dividing the broken segments into smaller pieces. 
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Figure 5. 15. Shear stress distribution along the matrix between the broken fiber and 
the first surviving fiber, 1002 =a .  
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Figure 5. 16. Tension along the broken fiber, 1002 =a . 
 
Figure 5. 17. Tension along the first surviving fiber, 1002 =a . 
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5.1.4 Correction with linear distributed fiber breaks 
In last section, we used smaller segments between fiber breaks to improve 
results.  Here, we study the second: applying higher order weighting distributions.  
The hole profile is described in Figure 5.18, which has a minimum number of fiber 
breaks and isolated segments: eight fiber breaks and five isolated segments.  Since 
the tension and the shear stress are closely related to each other, we are only going 
to show tension comparison before and after improvement by the linear 
approximation for demonstration purpose.  
Figure 5.19 shows the tensile stress distribution along the broken fibers 
calculated from uniform weight distribution approximation.  Obviously, the tension 
for fiber 0=n  in the hole has wavy fluctuations in the gap and deviates from zero 
by a considerable amount.  However, the tensile stress is zero for the middle region 
overlapped by all the gaps, suggesting we should use linear or higher order 
approximations for regions that are not overlapped and keep uniform 
approximations for the overlapped region. 
Figure 5.20 plots the tension along the broken fibers using linear 
approximation for the weight distribution.  Clearly, the waves in Figure 5.19 have 
been greatly reduced and the small bump near the edge of fiber 1±=n  suggests that 
we need to use short segments in that area. 
Overall, our numerical experiments show that both methods (denser broken 
segment or higher order approximation) can improve the results greatly by adding 
more degrees of freedom to the whole system.   
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Figure 5. 18.  A hole containing three broken fibers in a composite plane. 
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Figure 5. 19.  Tension along the broken fibers calculated from the uniform 
approximation. 
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Figure 5. 20. Tension along the broken fibers calculated from the linear 
approximation. 
Lastly, note that in most cases, the uniform approximation is good enough to 
simulate the stress field near a wedge or an elliptical hole since the difference of gap 
distance between two adjacent fibers is quite small for these geometries and the 
improvement from the linear weight function is not so significant.  When the hole 
gets larger, our numerical experiment shows that the importance of the segment that 
is not overlapped by all gaps in the hole is reduced greatly.  We can actually take 
away all the broken segments that are a few fibers away from the hole edge or tip, 
and the results are about the same.  This is important because we used this 
observation in the examples to reduce the calculation load and achieved good results.  
Figure 5.21 shows the simplified computational framework for holes with large 
numbers of broken fibers. All the segments are taken away except the ones at the 
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hole tip.  Furthermore, we can even reduce the number of fiber breaks for the 
broken fiber far away from the hole tip and still obtain good results. 
The reason why we can reduce the structure for the broken fiber away from 
the hole tip is because these fibers are far away from the intact fibers and their 
neighbors are forced to have zero load such that the fiber is not loaded naturally 
except at the edge of the hole.  So the reduction of the computational structure is 
consistent with physical insight. 
 
 
Figure 5. 21. Simplified computational structure for an elliptical hole in the 
composite lamina. 
 
5.1.5 Stress concentration factor 
As an extension of the isolated fiber break problem (Hedgepeth, 1961), we 
investigate the maximum stress concentration near a single broken fiber with gap 
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length, a2 .  Hedgepeth (1961) derived the peak tensile stress concentration factor 
NK  for an isolated fiber break in the following form: 
( )
( )
4 6 2 2
,   1,2,3...
3 5 2 1
N
N
K N
N
⋅ ⋅ ⋅ ⋅ +
= =
⋅ ⋅ ⋅ ⋅ +
                                (5. 1) 
where 10 =K . Fichter (1969) found that the normalized shear stress 
concentration in the matrix bay between the first intact fiber and the last broken 
fiber is right at the break and is 
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Using Stirling’s approximation rr err −+≈ 2/12! π , Beyerlein, Phoenix and 
Sastry, (1996) derived an approximation to the above given by 
 
4/1 NK N π+≈                                           (5. 3) 
ˆ
2
N
N
T
π
≈                                                  (5. 4) 
Figures 5.22 and 5.23 plot the maximum tensile stress and the shear stress 
concentrations, respectively, versus the gap distance a2 .  As just mentioned, the 
maximum stress concentration factor applies right at the end of the broken fiber.  
We can see that both the tensile stress concentration and the shear stress 
concentration decrease as the gap length increases.   
The tensile overload imposed by the gap asymptotically converges to about 
half of the overload from an isolated fiber break.  The maximum shear stress drops 
slightly overall. 
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Figure 5. 22. Stress concentration factor (SCF) for different broken length. 
 
Figure 5. 23. Maximum shear stress concentration for the matrix between the broken 
fiber and the first intact fiber. 
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5.1.5 Conclusion 
In this one single broken fiber example, we have studied the stress field near 
a single broken fiber with different gap length.  Overall, the stress concentration 
decreases as the gap distance increases and the distance has more effect on the 
tensile stress field than on the shear stress field.  Compared to the isolated fiber 
break problem, the broken fiber which has the material removed in the gap needs 
longer distance to recover its applied load and the overload along the crack plane 
decays slightly slower, which means more fibers, are in distress. 
Particularly, when the gap distance is very large, a very generous amount of 
fiber will be overloaded and have almost the same load distribution except at the 
tips of the broken fiber.  This provides strong evidence for a more equal load 
sharing theory near the edge, which states that the overload caused by the broken 
fiber is equally shared by its nearby neighbors. 
 In terms of the computational technique, we find that finer segments and 
higher order approximation for the weighting factors improve the results greatly.  
However, both methods increase the computation load significantly, especially for 
holes containing multiple broken fibers.  So these should be used selectively, such 
as only at the hole tip.   
We also proposed a much simpler computational structure for holes 
containing many broken fibers as shown in Figure 5.21.  All the segments are taken 
away except the ones near the hole tip and the number of fiber breaks is also 
reduced for region away from the hole edge.  The simplification lowers the 
computation load significantly and will be used in later examples. 
5.2  Example 2: A wedge  
In this section, we consider a central transverse wedge consisting of N  
broken fibers in a two dimensional fibrous composite laminate which was selected 
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to allow comparison with corresponding elastic analysis (Williams, 1953) for a 
wedge of length c2  in an infinite orthotropic homogeneous plate(see Figure 5.24).  
There are a total of nine broken fibers in this example, and the wedge angle is θ  as 
shown in the figure.  Figure 5.24 exhibits three ways to view the material system: (a) 
a lamina containing equally spaced fibers and matrix regions, (b) a material with 
tension lines and shear stress regions of width hww +=* , and, (c) an orthotropic 
continuum.  This model is used to draw connection between the shear-lag solution 
and the elastic solution, first introduced by Beyerlein, Phoenix and Sastry (1996). 
 
 
(a) 
Figure 5. 24 A transverse central wedge in three material systems: (a) fiber 
reinforced composite lamina, (b) material with tension lines (along fiber centerlines) 
and effective matrix regions of width *w , and (c) an orthotropic continuum. 
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Figure 5.24 (Continued) 
 
(b) 
 
 
(c) 
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Associating the results from the shear-lag model to continuum elastic 
analysis requires defining an equivalent crack length and relating the elastic 
constants between a composite lamina with discrete fibers of diameter  h and matrix 
regions of width w  (see Figure 5.24 (a)) and those of an orthotropic homogeneous 
continuum (see Figure 5.24 (c)).  Following the model in Beyerlein, Phoenix and 
Sastry (1996), where a fiber has been mathematically collapsed to a tension line 
with an effective stiffness EA  and the matrix has been widened with spacing 
( )hww +=*  in place of w  compensated by a higher stiffness ( ) wwhG + , as 
shown in Figure 5.24 (b), we apply identical shear-lag analysis as seen in Figure 
5.24 (b) and study the stress field near the wedge tip. 
First, we convert the fiber and matrix parameters ,,,, wAGE  and h  to the 
elastic constant, namely  ,* ,  * ,  *xy xy yyG Eν  and xxE * .  We assume the composite is 
made of isotropic fibers and matrix with respective elastic constants fE , 
( )2 1f f fG E ν = +   and fν , and mE , ( )2 1m m mG E ν= +    and mν .  By rule-of-
mixtures formulas in terms of fiber volume fraction fV , we have the following: 
( )
fmffxx VEVEE −+= 1*                                      (5. 5) 
( )
m
f
f
f
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V
G
V
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*
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                                         (5. 6) 
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E
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−
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*
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                                         (5. 7) 
and  
( )( )** 1
*
yy
yx f f m f
xx
E
V V
E
ν ν ν= + −                                   (5. 8) 
The shear-lag model can be extended by replacing the fiber and matrix 
material constants with the above constants, assuming the entire tensile load carried 
in the matrix is lumped in with the fiber and any shear deformation in the fiber is 
lumped in with the matrix as shown in figure 5.24 (b).  In another words, we have 
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( )whhV f += , and the effective shear modulus xyG * , Young’s modulus, xxE * , 
cross-sectional area ( ))* whhA +=  and effective matrix spacing whw +=*  
replacing , ,G E A  and w  respectively.  Also *Ap  and ** Ap  will be replaced by 
σ  and *σ .  The replacement serves to homogenize the geometric and elastic 
material properties of the matrix and the fiber, and extend them into proper slots in 
the shear lag model.   The following are the material properties we have used in the 
example.   
2111039.2 −×= NmEx  
291076.5 −×= NmGxy  
5.0=fV  
mrhw f
51012 −×===  
where fr is the radius of the fiber.  xE  and xyν  are not used in the shear-lag model. 
They are determined empirically to match the results from both solutions in our 
computation. In general, the agreement between the elastic analysis and shear-lag 
model improves when yyE *  is very large because large transverse stiffness 
constrains both the unbroken and broken fibers to displace only in the fiber direction, 
as is assumed in shear-lag analysis. 
Next we must convert geometric properties of the wedge into our normalized 
space.  Recall that the length is scaled by the characteristic length. 
Gh
EAw
x
=ξ                                                   (5. 9) 
Using the above relations we find 
*
*
*
xx
xy
E
x w
G
ξ=                                             (5. 10) 
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For the discrete lamina, the crack length is modeled as an effective width of 
broken fibers and matrix bays.  For a given number of broken fibers, the equivalent 
wedge length c2 consists of ( )1−N  effective spacings of width ( )wh + , plus two 
end portions, each the fraction ( )φ−1  of ( )wh + , which extend into the matrix bay 
between the last broken fiber and first intact fiber on both sides of the wedge. In 
another words, 
( ) ( ) ( )
( ) ( )
2 1 2 1
1 2 1 * /2 * /2
Nc N h w
N w Nw
φ
φ
= − + − +  
= − + − ≅  
                         (5. 11) 
where φ  is determined empirically in the computation to achieve the best agreement 
between the two solutions.  For the wedge opening angle, θ , the gap length for each 
broken fiber is decided by  
( )
( ){ }4 1 * tan
2
*
*
*
n w
a n
E
w
G
θ
φ  − + −  
 = ,   for 4,...,4n = −               (5. 12) 
The distance away from the wedge tip is defined as 
( ) *1sr q wφ= + −                                            (5. 13) 
The scaling in shear-lag analysis along the axial x direction to plot the 
results *σnp and *στ n  is defined as 
*
*
2
     
Nc
xx
N
xy
x
E
c
G
N
ξ
ξ
=
≈
                                               (5. 14) 
We are now ready to investigate the extent to which the normalized stress 
profiles match the elastic analysis.  We will consider a single crack first, then extend 
the results to the wedge with opening angle, θ .  Last we will compare the results 
from both solutions. 
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5.2.1 Transverse crack 
A central transverse crack is the simplest wedge where 0=θ .  Due to the 
symmetric geometry, we will just study the fibers and matrix bays on the right side 
of fiber 0=n .  Figures 5.25 and 5.26 show the tensile stress distribution and shear 
stress distribution along the broken fiber and the broken matrix bay respectively.  
The fiber in the middle recovers its load with the slowest pace and the matrix bay 
between the last broken fiber and the first intact fiber has the highest shear stress 
concentration.  The broken fiber away from the crack tip has a very similar tension 
distribution.  Figure 5.27 gives the tensile stress distribution along the surviving 
fibers ahead of the crack.  The tensile stress concentration decays to about 31  by 
the second fiber, 51  by the third fiber and 81  by the fourth fiber.      
 
Figure 5. 25. Tension along the broken fiber for a transverse crack, 9=N . 
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Figure 5. 26. Shear stress distribution along the broken matrix, 9=N . 
 
Figure 5. 27. Tension along the first five surviving fibers for a transverse crack, 
9=N . 
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For large sr >> , asymptotic analysis shows that the over load will decay to 21  by 
the second fiber, 83  by the third fiber and 165  by the fourth.  Thus as the crack 
length increases, the load decays slower along the crack plane and the overloaded 
area expands.  Compared to the stress field near one fiber break, the surviving fiber 
takes a much longer distance to unload into compression from the peak stress point.. 
5.2.2 Transverse wedge with opening angle θ  
Next, we study the stress distribution when the wedge opens up by angle θ . 
The following figures are the results for 4πθ = .  Figure 5.28 plots the tension 
along the broken fiber. The fiber closest to the crack tip recovers its applied load 
fastest among all the broken fibers.  Accordingly, the matrix bays at the tip between 
the last broken fiber and the first intact fiber have highest shear stress concentration.  
From the tension figure, we see that fiber n  has a kink at ( )1a nξ = ± −  for 
1,...,4n =  due to the end of the adjacent broken fiber with a short gap.  Once we 
pass the kink point, the broken fiber gains more constraint and as a result recovers 
its load faster. 
The shear stress distribution along the matrix bay neighboring the broken 
fiber is shown in Figure 5.29.  Again, the matrix bay between the last broken fiber 
and the first surviving fiber has the highest shear stress concentration.  Compared to 
the crack with the same number of broken fibers, the maximum stress concentration 
is reduced due to the smaller deformation of the matrix bay.   
From Figure 5.30, we can see that the gap between the ends of the last 
broken fiber is so small that the first surviving fiber has flat maximum tensile stress 
concentration at the wedge tip.  The maximum tensile stress is lower than the one 
from the crack with the same number of broken fibers.  The fiber load concentration 
decays to about 3/1  by the second fiber, 5/1  to the third fiber and 1/8 to the fourth 
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fiber.  It seems that the decay in distance is very similar to the decay around a crack.  
The pace that the load decays will be studied thoroughly in the next section together 
with continuum elastic analysis results. 
There is no severe shear stress concentration in the matrix bay between 
intact neighboring fibers.  As a result, we wouldn’t worry about yielding or 
debonding for these matrix bays as the remote load increases.  The highest risk is at 
the matrix bay between the last broken fiber and the first intact fiber.   
Figure 5.31 plots the displacement of the broken fiber with the longest gap.  
As stated in developing the modeling framework, the displacement in the gap 
between the ends of the broken fiber is artificial.  However, we can see how each 
segment is loaded from the displacement distribution.  The flat displacement on 
each segment suggests that the segment itself is not in tension or compression, 
which supports our physical instinct that the broken fiber far away from the hole tip 
is not loaded in the hole except near the edge.   
This leads to a much simpler computational scheme as shown in Figure 5.21 
where the segment and the fiber break in the cavity are removed for the fiber away 
from the hole tip.  With this simplification, the number of fiber breaks and broken 
segments needed to model the hole for larger number of broken fibers can be 
reduced to the magnitude of N  instead of 2N .  It is already an advantage for the 
shear-lag model compared to the other computational methods that we only need to 
discretize the hole area instead of the entire composite plane.  This simplification 
makes the method even more efficient. 
 
  84 
 
Figure 5. 28. Tension along the broken fiber, 4θ π= , 9=N . 
 
Figure 5. 29. Shear stress distribution along the broken matrix bay, 4θ π= , 9=N . 
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Figure 5. 30. Tension along the flanking fiber, 4θ π= , 9=N . 
 
Figure 5. 31. Displacement along the broken fiber, 4θ π= , 9=N . 
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5.2.2 Comparison with Elastic Analysis 
Williams (1952) studied the stress singularities in plates subjected to 
extension in the plane.  For generalized plane stress in thin plates, he found that for 
vertex angles ( )360 θ−   between 180 and 360 degrees, many types of boundary 
conditions result in a stress singularity.  The local tensile stress can be expressed as  
( ) ( )1 1r Fλσ λ λ θ−= +                                         (5. 15) 
where 
( ) ( ) ( ) ( ) ( )1 2 3 4, sin 1 cos 1 sin 1 cos 1F b b b bθ λ λ θ λ θ λ θ λ θ= + + + + − + −   (5. 16) 
and where 321 ,, bbb  and 4b  are constants decided by the boundary conditions, and r  
is the radial distance away from the wedge tip.  For boundary conditions such that 
both radial edges are traction free, the following eigenvalue equation:  
 
zCz 1sin =                                                (5. 17) 
where  
( )2z λ π θ= −                                              (5. 18) 
( )( ) ( )1 sin 2 2C π θ π θ= ± − −                             (5. 19) 
Inasmuch as the continuity of displacements requires 0>λ , any value of 
equation (5.19) satisfying this restriction will give an admissible solution. From 
equation (5.15), we know a value of λ  satisfying 10 << λ  will result in 
singularities near the wedge tip.  Figure 5.32 is the minimum root of equation (5.19), 
under the restriction that 0>λ , versus vertex angle ( ) θ−360  , as was given in 
Williams (1951).  From equation (5.15), we know that 
( ) ( ) ( )ln 1 ln ln 1x r Fσ λ λ λ θ= − + +                       (5. 20) 
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Thus σln  is a linear function of rln  with the slope ( )1Re −λ .  For a fixed far field 
stress, the shape of the singular stress field in elastic continuum theory is not 
influenced by the size of the wedge, but is decided instead by the vertex angle. 
We first test the simplest wedge: a crack in the transverse direction whereby 
0θ = .  Figure 5.33 shows the effect of crack size, i.e., number of broken fibers N, 
on an effective exponent, λRe , which suggests that ( )1Re −λ  decreases as the 
number of the broken fibers N  increases.   
 
 
Figure 5. 32.  Variation of minimum real part of eigen value with vertex angle. 
 
Note that as the number of broken fibers approaches about 100, the slope 
converges to 5.0− , which is the value for a crack in Williams’ figure, Figure 5.32.    
Figure 5.34 shows the variation of the equivalent of ( )λRe  with the vertex angle 
and for 19=N  computed with the shear-lag model.  Similar to William’s results,  
the effective exponent ( )λRe  decreases as the vertex angle increases and as the 
  88 
wedge gets closer to the shape of the crack, i.e., the vertex angle approaches 360  or 
0θ =  , and the value stays constant at about ( ) 6.0Re =λ .  The small difference in 
the value between William’s result and our computed results is mostly likely due to 
the small size, 19N = , of the wedge, which is consistent with the effect in Figure 
5.33.   
The effective value of ( )λRe  near the vertex angle ( )  360360 =−θ  is 
decided by the value for the corresponding continuum crack.  As we discussed 
before, the slope of the stress distribution actually decreases to 5.0−  for larger N in 
the crack, which means ( )Re 0.5λ → , and this is in agreement with Williams’ 
results. 
 
 
 
 
Figure 5. 33.  Normal tensile stresses along the crack plane for different number of 
broken fibers. 
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Figure 5. 34.  Variation of ( )λRe  with vertex angle θ−360  and for 19N = . 
 
 Figure 5.35 shows the tensile stress concentration along the crack plane for 
different opening angles.  The crack has steepest slope and as the angle increases, 
the absolute value of the slope decreases, as Williams (1952).  Further away from 
the wedge tip, the angle effect fades and all the angles have about the same stress 
concentration. 
We have also tested the effect of wedge length on the stress concentration.  
Figure 5.36 shows that a larger wedge has greater tensile stress concentration along 
the crack plane and the length of the wedge has mild effect on the slope of the stress 
right ahead of the tip. Similar to the angle effect, the length effect fades further 
away from the wedge tip. 
Beyerlein, Phoenix and Sastry (1996) tested the appropriate value for φ , 
which is the fraction of the width *w  between the centerline of the first surviving 
fiber and the wedge tip, for different crack sizes.  They found that 31=φ  yields the 
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best agreement of both solutions for crack length Ncc =  down to about 21=N .  
For smaller cracks, φ  needs to be adjusted specifically for each N.  Figure 5.37 plots 
the tensile stress concentration near a wedge along the crack plane for different φ .  
For the angles and sizes used in the figure, 31=φ  yields the closest results to the 
elastic continuum analysis.  Note, however, that φ  could be slightly different for 
wedge of large size based on the results of Beylerlein, Phoenix and Sastry (1996).  
Over all, φ  is a small adjustment in our computational method to achieve the best 
agreement between shear-lag and elastic analysis, and is determined empirically.   
 
 
 
Figure 5. 35.  Normal tensile stress along the crack plane when 19=N . 
 
Next we study the shear stress distribution ahead of a transverse wedge on 
the crack plane.  In Williams (1952), the shear stress is expressed as 
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( )1xy r Fλτ λ θ− ′= −                                          (5. 21) 
Thus, similar to the tensile stress ahead of the crack, xyτln  is a linear function of  
ln r  with slope ( )1−λ .  This is also in agreement with the simulation results 
calculated from our model.   
 
 
Figure 5. 36.  Normal tensile stress along the crack plane when 2.24θ =  degrees. 
 
The shear stress distribution near a transverse wedge along the crack plane for 
different opening angle θ , is shown in Figure 5.38 when 19=N .  Smaller opening 
angles have smaller slope, thus leading to smaller ( )λRe  values.  Overall, the 
maximum shear stress along the crack plane drops fairly fast, so the matrix bay 
between the last broken fiber and first surviving fiber is of most concern for yielding 
or debonding effects. 
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Figure 5. 37.  Tensile stresses ahead of the wedge tip for differentφ , and 19=N . 
 
Figure 5. 38.  Shear stress along the crack plane for 19=N . 
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Beyerlein, Phoenix and Sastry (1996) used Stirling’s approximation 
! 2 N NN NN eπ −≈  for large N to get the asymptotic expressions for the stress 
concentrations on the first surviving fiber, for large N .  An improvement over what 
they found is 
2
1
4
1 




 += NK N
π
                                    (5. 22) 
and for the shear concentration factor, NS  
( ) NSN 2/π≈                                    (5. 23) 
Thus for a crack, the maximum tensile stress and shear stress both increase in N 
with the power 21 .  Our numerical calculations shows that the wedge has very 
similar properties in composite form.   
 
 
Figure 5. 39.  Maximum shear stress for wedges of different transverse dimension. 
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Figure 5.39 plots the maximum shear stress versus the transverse 
dimension of the wedge for different opening angles using log-log coordinates.  
The figure shows that the maximum shear concentration increases linearly with 
the transverse dimension of the wedge for all angles, and on a log-log scale the 
slope decreases as the opening angle θ  increases.  The slope becomes almost 
constant at 21  for small opening angles, 2πθ ≤ , but starts dipping down 
sharply after it passes the ninety degree angle, 2πθ = .  The asymptotic value of 
the slope for πθ =  would be a horizontal line since the composite plane is 
essentially divided into two separate pieces along the crack with no tractions 
across the boundary (which is true with or without such a degenerate wedge).   
Since the tension and the shear stress increases with the same power, we 
hypothesize that, for small opening angle θ , the tension increases with the size of 
the wedge in the following form:  
2
1
1 





+= NK N γ
π
                                           (5. 24) 
where γ  is 4 for a crack. 
Figure 5.40 plots the variation of γ  against the vertex angle ( )θ−360  for 
different wedge sizes.  As the opening angle decreases to 0θ = , i.e. the wedge 
becomes a crack, γ  converges to 4 slowly, which is exactly the value for a crack.  
In fact, the value of γ  for different N  roughly stays about 4 for opening angles  
4/πθ ≤ . 
Based on the value of γ  calculated for different opening angles, as shown in 
figure 5.41, we plotted the maximum tensile stress concentration factor on the first 
flanking fiber against the size of a wedge, for different opening angles and using a 
log-log scale.   Figure 5.41 shows that our model is a good approximation to predict 
the stress intensity factor for opening angles 2θ π≤ .     
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Figure 5. 40.  Factor γ  versus vertex angle ( )360 θ−  for different transverse 
dimensions, where θ  is the opening angle at the tip. 
 
Figure 5. 41.  Maximum tensile stress concentration factor versus ( )1 /Nπ γ+ . 
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Note that as the transverse size, N, becomes larger, the linear relationship actually 
improves.  For opening angles bigger than 2π , we can see the line’s slope is 
slightly lower than 0.5, which is expected because we have used small angle 
approximations for the calculation. 
5.2.3 Conclusion  
In this section, we have studied the stress field of a two dimensional infinite 
lamina with a central wedge containing N  broken fibers subjected to a remote 
uniform tensile load.   We have made connection between the elastic solution and 
the shear-lag model and have obtained an empirical formula similar to the crack to 
compute the maximum tensile stress concentration for different wedge sizes N .  
Both the tensile stress and shear stress along the crack plane drop down 
approximately inversely with the distance to the wedge tip, with the power of 
Re( ) 1λ − .  The maximum tensile stress and shear stress concentration factor for a 
wedge increases with the number of broken fibers N  with power 1 2  for small 
opening angles θ .  The two solutions achieve good agreement on the prediction of 
the stress field over all.  Due to the limitation of computational power, we haven’t 
tested the results for large wedges, for example, a wedge with 100  broken fibers.  
However, we expect a better agreement with the proper adjustment of φ  because the 
validity of the homogeneity assumption will make the elastic analysis more accurate.    
5.3: Elliptical hole analysis 
The stress concentration and the fracture phenomena near an elliptical hole 
for composite material have been studied both theoretically and experimentally. 
(Smith, 1944; Green ,1945; Savin, 1961; Waddoups et al 1971; Whitney &Nuismer, 
1974; Bishop, 1972; Potter, 1977).  In this section we investigate the stress field 
using the discrete shear-lag model and compare the results with the previous results 
  97 
in the literature, especially those from analysis of homogeneous orthotropic 
materials.  
Among all the workers noted above, Bishop (1972) derived the expressions 
for stress components near an elliptical hole where the material has been removed 
using elastic analysis assuming the material is homogeneous, orthotropic continuum. 
Two limiting cases of an elliptical hole were considered, a circular hole and a sharp 
crack transverse to the applied tension, but with expanded scaling to treat it locally 
as a parabola.  It was shown that an estimation of the stress maxima for elliptical 
holes between these two extremes can be made using the values of the two limiting 
cases.   
Potter (1977) developed a tensile fracture criterion in which the notch 
sensitivity is related to the properties of the fiber, matrix and fiber-matrix interface, 
based on the stress gradient ahead of the notch tip.  He also applied Potter’s results 
(1972) to his fracture criteria and compared the predictions of the effect of notch 
size on the fracture behavior of the composite material with experimental results.  A 
typical failure locus was given and the concept of “small” holes and “big” holes was 
introduced insofar as they affect how fracture propagation occurs. 
Our goal here is to model the stress field near an elliptical hole where the 
material is removed using shear-lag analysis and study the fracture behavior of the 
fibrous composite material for different hole sizes and hole shapes.  We compare 
results from the elastic solution and the shear-lag solution and draw connection of 
stress fields predicted by the different approaches.  Furthermore, we introduce 
broken fibers at the tip of the hole and study the change of the stress concentration 
that the new fiber breaks cause.   
First we consider an infinite, planar, composite lamina whose fibers and 
matrix bays are linearly elastic.  For simplicity, we also assume all the fibers in the 
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composite plane have uniform strength; hereby the overloaded fiber breaks at the 
maximum stress concentration point.  
 
 
 
Figure 5. 42. Transverse elliptical hole in a two-dimensional discretized composite 
lamina. 
 
5.3.1 Elastic analysis  
We consider the elastic solution for an infinite, two-dimensional orthotropic 
composite material with an elliptical hole inside transverse to the fiber direction.  
Figure 5.42 shows the elliptical hole in an infinite orthotropic sheet with the 
directions of symmetry of the material coincident with the x and y directions. A 
uniform tension ∞σ  is applied at infinity in the y direction.  The ellipse has semi-
axes ca and cb  coincident with the y and x axes so that the boundary of the hole is 
described by 
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2 2
1
c c
x y
b a
+ =                                               (5. 25) 
The eccentricity of the ellipse is defined as cc ab=ε . The elastic solution 
(Bishop, 1972) involves four elastic material constants xyG , xyν , yyE  and xxE .  
Assuming the lamina is in a state of plane stress, we substitute the stress 
components expressed by the Airy stress function χ  in the compatibility equation 
and get the following fourth-order homogeneous partial differential equation, 
4 4 4
4 2 2 4
1 1 1
2 0
xy
y xy x xE x G E x y E y
νχ χ χ ∂ ∂ ∂
+ − + =  ∂ ∂ ∂ ∂ 
               (5. 26) 
This can be rewritten as  
2 2 2 2
2 2
1 22 2 2 2
0
x y x y
β β χ
  ∂ ∂ ∂ ∂
+ + =  ∂ ∂ ∂ ∂  
                    (5. 27) 
where 
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1 2
1
1 1y
x y
E
E E
β α
α
 
= + − 
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                                (5. 28) 
2
2 2
1
1 1y
x y
E
E E
β α
α
 
= − − 
  
                                (5. 29) 
and 
x
xy
xy EG
ν
α −=
2
1
                                         (5. 30) 
Only two material constants, 1β  and 2β , which are functions of the elastic 
moduli and Poisson’s ratio, are needed to define the stress field for the orthotropic 
lamina of material.  For an isotropic material, 121 == ββ  and the governing 
equation reduces to 
4 4 4
4 2 2 4
0
x x y y
χ χ χ∂ ∂ ∂
+ + =
∂ ∂ ∂ ∂
                            (5. 31) 
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The Airy stress function can be determined by the boundary condition that 
the edge of the elliptical hole has zero normal and shear stresses.  The stress 
components are found to be as follows: 
 
( )
2 1 1 2
1 2 1 1 2 2
1
1 Re 1 1
1 1
x Z Zσ β β
σ β β εβ ϕ εβ ϕ∞
      
= + − − −     − − −      
        (5. 32) 
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1 2 1 1 2 2
Re 1 1
1 1
y Z Zσ β β β β
σ β β εβ ϕ εβ ϕ∞
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       (5. 33) 
and 
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1 2 1 2
1 2 1 1 2 2
1 1
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1 1
xy Z Zτ β β
σ β β εβ ϕ εβ ϕ∞
      
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        (5. 34) 
 
 In these equations, 1 1
c c
x y
Z i
a a
β= + ,  2 2
c c
x y
Z i
a a
β= + ,  2 2 21 1 11Zϕ ε β= − +  and 
2 2 2
2 2 21Zϕ ε β= − + . 
 The main stress maxima occur on the edge of the elliptical hole near the 
transverse sides.  The maximum tensile stress concentration occurs at the tip of the 
elliptical hole where 0=y  and ax = .  Its magnitude is given by 
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So the maximum tensile stress concentration for a crack will be 
21
21
max
ββ
ββ
σ
σ
ε
+
=





∞
y
                                        (5. 36) 
and for a circular hole will be 
1
21
21
max
+
+
=





∞ ββ
ββ
σ
σ
ε y                                    (5. 37) 
  101 
Since ( )
maxy
ε σ σ∞ is a linear function of ε , once we know the maximum 
stress concentration for a crack and a circular hole, the maximum stress 
concentration factor can be interpolated for other shapes based on the value of the 
eccentricity.  To make connection with the discrete shear-lag model, instead of 
calculating the stress concentration of the edge of the whole, we shall investigate the 
tensile stress concentration on the surviving fibers flanking the elliptical hole.  The 
hole length ca2  in the y direction can be defined as in equation (5.38) in terms of 
the number of broken fibers, effective spacing of width ( )whw +=*  and two end 
portions, each the fraction ( )φ−1  of  ( )whw +=*  whereby  
( ) ( )[ ]( )whNac +−+−= φ1212                              (5. 38) 
The distance away from the crack tip is defined as 
( )[ ]( )whqrq +−+= 1φ                                        (5. 39) 
where q is the index of the surviving fibers.  As in the wedge case, φ  here is a small 
adjustment, being the fraction of the width *w  between the center line of the first 
surviving fiber to the edge or tip of the hole.  As before, φ  is also determined 
empirically by matching both solutions.  
 The stress distribution along the thq surviving fiber can be determined by 
equation (5.32), where  
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Z 22 β+=                       (5. 40) 
and the tensile stress on the crack plane can be calculated using 
c
q
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ZZ == 21                                              (5. 41) 
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The final result is  
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  (5. 42) 
Thus, instead of using equation (5.35) for the maximum tensile stress concentration 
to compare with the shear-lag results, we shall use the maximum stress 
concentration on the first surviving fiber where 1=q .  When the number of broken 
fibers is large enough that the radius of the tip of the hole is much bigger than the 
fiber diameter, the composite sheet may be viewed more as homogeneous 
continuum, and the maximum stress concentration at the edge of the hole is 
anticipated to be equivalent to the maximum stress concentration on the first 
surviving fiber. 
Another important indicator of the fracture behavior for composite lamina is 
the tensile stress gradient along the crack plane.  Potter (1977) pointed out that the 
direct application of conventional fracture mechanics takes no account of the 
influence of the mircro-structure on the fracture process.  Experiments show that 
failure of the composite is initiated by the stress concentration at the edge of the 
hole and the load-carrying axial fibers fail sequentially by a process in which the 
failure of one fiber inevitably leads to the failure of one or more of its neighbors.  In 
Potter’s model, failure of the second flanking fiber following the first flanking fiber 
failure will occur if  
fq σρσ ′≥+=2                                            (5. 43) 
where 2=qσ  is the stress in fiber 2=q  before failure of fiber 1=q , ρ  is the 
increase in stress on fiber 2=q  due to the failure  of fiber 1=q  and fσ ′  is the fiber 
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strength which is therefore equal to the stress 1=qσ  on fiber 1=q  at the instant of 
failure.  Assuming the composite plane is homogeneous, we have 
1 2
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f x
q q
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w
y y D
σ σ
σ σ= =
∂ ∂
− = =
∂ ∂
                             (5. 44) 
where xσ  is the laminate mid-plane stress resultant and D relates the axial fiber 
stress fσ to the laminate tensile stress resultant, that is  
xf D σσ =                                                (5. 45) 
The condition for sequential fiber failures to occur is therefore 
*
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y w
σ ρ∂
≤
∂
                                              (5. 46) 
The parameter *D wρ  is determined by the properties of the fiber, matrix and 
interface and governs the fracture sensitivity of the composite to the existence of the 
hole.  It is possible to derive *D wρ  from the properties of the fiber, matrix and 
interface, the fiber lay-up and volume fraction.  It can also be measured 
experimentally as in Potter (1972).  Equation (5.46) basically states that the 
sequential failure will occur only when the stress gradient is low enough. 
From equation (5.32), we know the stress gradient near an elliptical hole in 
an infinite orthotropic sheet is  
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       (5. 47) 
which at cay =  reduces to 
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From this equation, we can see that the stress gradient is determined not only 
by the elastic constants and the eccentricity of the hole, but also by the transverse 
dimension of the hole.  As the transverse dimension increases, the stress gradient 
decreases and eventually a huge region of entire plane is almost equally overloaded, 
asymptotically. 
When the stress at the tensile stress maximum reaches the composite tensile 
strength fσ ′  we have 
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Substituting equation (5.49) into equation (5.48) gives 
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where  
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and we will set 
     ( )( )3 2y x x x y x x yK E E E E E E E Eα α= + = +               (5. 53) 
The sequential fiber failure criterion for an elliptical hole in an infinite orthotropic 
sheet is then calculated from equation (5.46) , (5.50) and (5.53) as 
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Figure 5.43 is a typical failure locus for elliptical holes obtained by Potter 
(1972).  Each point defines a particular elliptical hole by the parameters ε  and ca .  
For any composite plane containing holes defined by points on or above the locus, 
the sequential failure will occur such that the fracture stress can be predicted by the 
elastic analysis solution.  For a laminate whose holes are defined by points below 
the locus, the first axial fiber failure does not precipitate the sequential failure and 
only forms a damage zone which blunts the hole. 
Again, due to our discrete model, the comparison of the stress gradient at the 
first flanking fiber between the elastic analysis and the shear-lag solution is in fact at 
*cy a wϕ= +  .  When the size of the elliptical hole is much larger than the fiber 
diameter, the difference due to *wφ  will be negligible. 
In the following subsection, we will focus on the stress field for a lamina 
containing an elliptical hole, especially the stress gradient at the edge or tip of the 
hole, and will determine how the hole affects the local stress distribution at the tip.  
 
 
Figure 5. 43.  A typical failure locus for elliptical holes (after Potter, 1972). 
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5.3.2 Stress distribution near an elliptical hole   
The typical tensile stress distribution along the broken fiber in the hole is 
shown in Figure 5.44.  As in the wedge case treated earlier, the tension on each 
broken fiber has a kink due to the end of its neighboring broken fiber.  The shear 
stress distribution along the broken matrix bays is shown in Figure 5.45.  Compared 
to a crack, the elliptical hole induces less maximum shear and tensile stress 
concentration.  The figure also shows that the maximum tensile concentration drops 
down to about 52  by the second fiber, 41  by the second fiber and 489  by the 
third fiber, showing a slower load decay rate than for a crack.  Removing or 
deactivating material in the crack in the fiber direction basically increases the 
overloaded area and puts more of the fibers in distress. 
In Figure 5.46, the shear stress concentration drops down dramatically 
moving away from the hole edge.  Therefore, matrix yielding and debonding are 
more likely to happen in the bay between intact and failed fibers.  Figure 5.47 shows 
how the tensile stress profiles change in the surviving fibers, moving away from the 
hole. 
Figure 5.48 presents a comparison of the tensile stress concentrations in 
fibers near the edge of a crack, a wedge and an elliptical hole with the same 
transverse length and where the wedge and the elliptical hole have the same 
eccentricity.  Evidentially, the crack and the wedge have an almost identical stress 
distribution due to the small opening angle of the wedge except the crack has a 
slightly higher stress concentration at the tip.  The elliptical hole reduces the stress 
concentration significantly for the first intact fiber and increases the stress in rest of 
the surviving fibers accordingly.  The stress concentration factor decays more 
slower for elliptical holes than for the other two shapes, but the effect of the hole 
shape fades away after about two characteristic load transfer lengths.   
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Figure 5. 44.  Tension along the broken fiber near an elliptical hole, 9=N . 
 
Figure 5. 45.  Shear stress in the matrix bay next to the broken fiber for 9=N . 
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Figure 5. 46. Shear stress concentration along the surviving matrix bays, 9=N . 
 
Figure5. 47.  Tensile stress concentration along the surviving fiber, 9=N . 
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Figure 5. 48.  Tension along surviving fibers for cavities of different shape, 9=N . 
5.3.2 Comparison with the elastic analysis solution  
Effect of elastic constants and the fraction factor φ  for penetration. 
In Subsection 5.3.1, we presented basics of the elastic solution of Bishop 
(1972).  The maximum tensile stress intensity factor for an elliptical hole is only 
dependent on the elastic constants of the material and the eccentricity of the hole as 
shown by 
1 2
1 2max
fσ β βε ε
σ β β∞
′  +
= + 
 
                                   (5. 55) 
Four elastic constants * ,  * ,  * ,xy xy yyG Eν  and xxE *  are involved in this solution.  
On the other hand, in shear-lag analysis, only two elastic constants, xxE *  and xyG* , 
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are used to derive the stress field.   So before a comparison of results, we need to 
investigate the effect of xy*ν  and yyE *  on the maximum tensile stress.  
Figure 5.38 shows the tensile stress concentration factor versus eccentricity 
for different transverse stiffness, yyE * .  In the shear-lag solution, we assume that 
yyE *  is infinitely large such that both the unbroken and broken fibers displace only 
in the fiber direction.  Intuitively, one might expect the agreement between the 
elastic analysis and the shear-lag model will improve when yyE *  is large.  The 
figure shows the effect of yyE *  on the maximum tensile stress in the continuum 
model.  As the elastic constant yyE *  increases, the maximum stress intensity factor 
decreases because of the constraining effect in the transverse direction that limits the 
shear at the tip of the hole and decreases the overload in the tensile direction.   
The effect of Possion’s ratio xy*ν  on the maximum tensile stress is shown in 
figure 5.39.  Most practical engineering materials have xy*ν  between 0.0 and 0.5.  
The figure shows that Possion’s ratio has less effect on the stress concentration 
factors than yyE * .  The larger the Possion’s ratio is, the smaller the maximum stress 
concentration there is.   
Due to the discrete nature of the shear-lag model, it is not very practical to 
measure the stress concentration on the edge of the elliptical hole.  The maximum 
tensile stress concentration is always at the first surviving fiber.  The distance 
between the hole tip and the first surviving fiber is controlled by the penetration 
fraction φ  in the model, as mentioned before.  In the elastic analysis, the fiber away 
from the hole tip actually carries shear load thereby leading to a reduced tension 
compared to the shear-lag model.  This suggests that we can use the fraction in 
elastic analysis to adjust the location to measure the stress and improve the 
agreement between the two solutions.   
  111 
Figure 5.51 shows the maximum tensile stress concentration factors against 
eccentricity for different fraction φ  in the elastic analysis calculated from equation 
(5.42).  For 0=φ , the  curve has a shallow slope such that ∞σεσ y  is of very 
similar magnitude in the range.  For all the other φ  values, as the distance away 
from the last broken fiber increases, the maximum tensile stress decreases in a 
significant manner and the slope of ∞σεσ y  increases as well.  
In summary, we have three parameters, yyE * , xy*ν  and φ , the latter 
decided empirically such that two solutions achieve the best agreement.   
 
Figure 5. 49. Stress concentration factor vs different eccentricity for different yE . 
Maximum tensile stress concentration factor 
Figure 5.52 plots the maximum stress concentration factor on the first surviving 
fiber for different transverse dimension in elastic analysis.  The figure shows that for 
small sized holes, ∞σεσ y  approximately increases linearly with eccentricity ε .   
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Figure 5. 50. Stress concentration factor vs different eccentricity for different ν . 
As the size increases, the curve loses its linearity and most importantly, the 
effect of the eccentricity on ∞σεσ y  for the first surviving fiber begins to decay.  
For extremely large holes, the fraction factor φ  has little impact on the stress 
concentration factor because the first surviving fiber is ‘close’ enough to be 
approximately on the edge of the hole at this point and the material can be seen as 
homogeneous, thus leading to the conclusion in Bishop (1972) that the eccentricity 
and the material constants are the only factors to decide the maximum stress 
concentration factor.  
Fraction factors 0φ =  and 1φ =  represent two extreme cases for the tip of 
the hole in the discrete model:  0φ =  means the last broken fiber of the hole has a 
broken segment removed; on the other hand, 1φ =  means that the tip is an isolated 
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fiber break.  This value of φ  doesn’t make much difference in the homogeneous 
continuum, but in the discrete model, especially when the size of the hole is ony a 
few fiber diameters, it plays a key role in the stress distribution calculation.  Figure 
5.53 plots the effect of the fraction factor on the maximum tensile stress 
concentration factor for small hole sizes, where 9=N  and 13=N . The figure 
shows that larger φ  values result in higher stress concentrations and larger slope 
due to the effect of the isolated fiber break at the tip.  This effect fades away as the 
transverse dimension of the hole becomes large enough that the effective spacing is 
much less than the elliptical semi-axis, ca .   
 
 
Figure 5. 51. Stress concentration factor vs different eccentricity for different φ . 
Since we are focusing on a small sized hole in this study, φ  is a very 
important adjustment factor to achieve the agreement between the elastic analysis 
and the shear-lag analysis.  Or from another point of view, the local details of fiber 
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placement are not properly recognized by the continuum approximation.  Due to the 
limitations of time and computational power, it’s not very practical to compute the 
extremely large holes to get the asymptotic results.  We will only focus on the 
comparison for small holes, and use φ  as an adjustment factor to make a 
comparison for elastic analysis and shear-lag theory in the following section.    
Figure 5.54 plots the tensile stress maxima multiplied by ε  against ε  in the 
range 10 ≤≤ ε .  Elastic analysis and shear-lag analysis achieve good agreement for 
different size of the elliptical holes.  The figure also shows that the magnitude and 
slope of  ∞σεσ y  versus eccentricity increases with the size of the elliptical hole.  
As mentioned early, this size effect is expected to fade away when the hole size is 
much larger than the fiber diameter. 
  
 
Figure 5. 52.  Stress concentration factor vs different eccentricity for different N . 
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Figure 5. 53.  Tensile stress concentration versus eccentricity for two extremes of φ .  
 
Figure 5. 54.  Tensile stress concentration vs eccentricity predicted from both 
solutions. 
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Figure 5. 55. Maximum tensile stress concentration factors for a circular hole. 
 
Figure 5. 56. Blowup of maximum tensile stress concentration factor in Figure 5.55.  
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Figure 5. 57. Tensile stress maxima for the range of elliptical hole 10 ≤≤ ε , 51=N  
Figure 5.55 plots the maximum tensile stress concentration factor for a 
circular hole in the composite plane calculated from both analysis and Figure 5.56 is 
a magnified picture of Figure 5.55 for small holes.  The figure shows excellent 
agreement between the two solutions and the elastic solution shows that the 
maximum stress concentration factor converges as the size of the hole ibecomes 
large enough that the transverse dimension of the hole is much larger than the fiber 
diameter.  The asymptotical maximum stress concentration factor is determined 
solely by the elastic constants of the material as suggested by equation (5.35). 
In figure 5.57, the tensile stress maxima multiplied by the eccentricity ε  is 
plotted against ε  in the range 10 ≤≤ ε , for 51=N .  Both solutions show good 
agreement and the slope is quite steep due to the small size of the hole.  As shown in 
Figure 5.52, the transverse dimension of the hole has less impact on the stress 
concentration as the hole gets larger, and the maximum stress concentration factor 
  118 
converges to the maximum stress on the edge of the hole as predicted 
asymptotically by the elastic analysis. 
Tensile stress distribution near the elliptical hole 
The tensile stress on the crack plane ahead of the edge or tip of the hole is 
shown in Figures 5.58 and 5.59 for both elastic analysis and shear-lag analysis.  The 
two solutions show outstanding agreement even at the tip of the hole.  The tension 
drops down along the crack plane very rapidly especially near the tip, and the effect 
of the hole size fades away around ten fibers away from the tip.   
We have also investigated the tension distribution along the surviving fiber.  
Figures 5.60, 5.61 and 5.62 plot the tensile stress along the surviving fibers 
1,2,3q =  respectively.  In the discrete shear-lag model, the hole does not 
necessarily end with an isolated fiber break depending on the distance between the 
hole tip and the first surviving fiber *wφ , but in elastic analysis, due to the 
homogeneous continuum assumption, the hole tip is always an isolated fiber break.  
For fiber 1=q , the shear-lag model has its maximum at the end of last broken fiber, 
and elastic analysis always has its maximum stress at the crack plane. The effect of 
the penetration fraction φ  decays along the crack plane.  The tensile stress along the 
surviving fiber 2,3q =  from both solutions matches well.  
5.3.3 Stress gradient near the tip of the hole 
In Potter (1978), the main focus was to study the tensile stress gradient and 
investigate how extra load ρ  passed down to the second flanking fiber due to the 
failure of the first fiber near the hole can affect the fracture propagation behavior.  
He showed that holes can be divided into “large” and “small” categories as defined 
by the fracture behavior.  For “large” holes, the stress gradient at the hole tip is so 
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small that combined with the extra load ρ  due to the failure of the first flanking 
fiber, the second flanking fiber has reached the fiber strength, thus leading to a 
sequential failure which can be predicted by the elastic analysis.  For a “small” hole, 
the stress gradient is large and the failure process is characterized by the formation 
of stable damage zones when the composite tensile strength is reached.   He 
assumes that ρ  only depends upon the properties of the fiber, matrix and interface 
and can be obtained experimentally by testing a number of specimens containing 
circular holes of various diameters in order to determine the minimum diameter at 
which failure may be predicted by the elastic stress concentration factor.  The main 
goal in this section is to investigate the stress gradient of the tensile stress near the 
hole tip and study the impact on the fracture behavior of the composite material. 
 
 
 
Figure 5. 58. Tension along the crack plane predicted both solutions, 1ε = . 
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Figure 5. 59. Tension along the crack plane predicted from both solutions, 1ε = . 
 
Figure 5. 60. Tension along the first surviving fiber when 9, 0.333N φ= = . 
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Figure 5. 61. Tension along the second surviving fiber when 9, 0.333N φ= = . 
 
Figure 5. 62. Tension along the third surviving fiber when 9, 0.333N φ= = . 
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Using the solution in Bishop (1972), we derive the stress gradient near an 
elliptical hole assuming the material is a homogeneous continuum. 
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    (5. 56) 
Here question of validity arises for this definition of the gradient.  When the 
size of the hole is not much larger than the fiber diameter, the material can’t be seen 
as continuum and the gradient needs to be taken discretely.  Figure 5.63 plots the 
stress gradient ahead of the hole tip computed from equation (5.56) and the shear-
lag model.  The figure shows that the assumption of a homogeneous continuum 
predicts a much higher stress gradient than the shear-lag model.  However, using the 
following discrete definition for the stress gradient, we get much better agreement 
between these two solutions as shown in Figure 5.64 and 5.65. 
0, 1 0,
0,
*
x q x qx
x q
y w
σ σσ = + =
=
− ∂
= ∂ 
                              (5. 57) 
The discrepancy of the stress gradient also suggests that Potter’s results only apply 
to the case where the material can be seen as homogeneous continuum. Therefore 
even his “small” holes are large holes for the discrete model.  The elastic solution 
overall predicts somewhat higher stress concentration than the shear-lag model since 
the matrix bay in the elastic analysis also supports tension, leading to faster decay of 
tension along the crack plane. 
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Figure 5. 63. Stress gradient ahead of the hole tip for an effective 13N =  hole, 
calculated using equation (5.56) and the shear-lag model. 
 
 
Figure 5. 64.  Discrete tensile stress gradient ahead of the circular hole tip for 1ε = . 
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Figure 5. 65. Discrete tensile stress gradient ahead of the circular hole tip for 1ε = . 
 
Figure 5. 66. Tensile stress gradient versus transverse size of a circular hole, 51=N . 
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Figure 5.66 shows the decrement in the normalized tensile stress on the first 
two surviving fibers, for different circular hole sizes.  Both solutions achieve good 
agreement for the circular hole containing more than 40 broken fibers.  For the hole 
that has less than 20 broken fibers, we can see that the decrement is actually an 
positive increment with the size of the hole, which suggests that larger holes in this 
range have less chance to initiate sequential failure than small holes.  After this 
critical point, the decrement is a true decrease as the transverse dimension of the 
circular hole increases, suggesting that the stress gradient is decreasing and thus 
more fibers are overloaded significantly.  Note that we concluded in last section that 
the maximum stress concentration factor increases with the transverse size of the 
hole until it converges to an asymptotic value, which is determined solely by the 
material elastic constants.  Larger stress concentrations and smaller stress gradient 
suggest that bigger holes do more damage to the composite plane and more flanking 
fibers are overloaded significantly resulting in the likelihood of uncontrolled 
propagation. 
5.3.2  Stress distribution for an elliptical hole with two extra fiber 
breaks  
In this subsection, we investigate the maximum tensile stress concentration 
on the first surviving fibers when one fiber failure occurs next to the hole, and we 
check if the stress gradient at the tip of the hole is a good measure to predict the load 
on the second fiber when the first flanking fiber fails.   
Experiments (Potter, 1972) show that the modification of the stress 
distribution due to the formation of damage zone eliminates any effect due to the 
initial shape of the hole.  To verify this statement, we will also study the shear stress 
around the hole and investigate how the shear varies with the shape of the hole.  In 
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this section, we will limit our case to ellipse and crack. The hole ends with a fiber 
break at the tip for in this example.  Assuming the first flanking fiber has failed due 
to the overload caused by the elliptical hole, Figure 5.67 describes an elliptical hole 
in a two-dimensional composite plane with one additional fiber break at each side. 
 
 
Figure 5. 67. An elliptical hole in a two-dimensional infinite lamina with one 
additional fiber break at each side 
Figure 5.68 compares the tensile stress distribution along the first three 
flanking fibers near an elliptical hole, a wedge, and an elliptical hole with one 
additional fiber break at each tip. The tensile stress concentration grows 
significantly due to the new breaks overall, and the maximum tension is at the tip of 
the hole 0=ξ .  The overload drops to about 31  by the second fiber, 5/1  by the 
third fiber.  The extra fiber breaks make the load decay faster than for a comparable 
elliptical hole but still slower than for a crack.   
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Figure 5. 68.  Tension along the flanking fiber for cavities of different shape,  
5.0,9 == εN . 
Next, we compare the effect of the additional fiber failure on the stress field 
for different hole shapes.  The initial shapes of the hole are a wedge, ellipse and 
crack with the same transverse dimension.  As shown in Figure 5.48, their original 
stress distributions are quite different.  With additional fiber breaks, the effect due to 
the shape of the initial hole is completely removed and all the shapes have very 
close stress distribution along the surviving fibers.  Figure 5.70 shows the effect on 
the maximum tensile stress concentration factor along the crack plane for different 
eccentricity.  The differences due to the eccentricity diminishes greatly when there 
is one additional fiber break at each tip for elliptical holes.  Further away from the 
tip, all the stress intensity factors converge to the same value and the distinction due 
to the damage difference zone fades away.  However, we expect this effect vanishes 
when the number of broken fibers is very large because the effect of one extra break 
will be much less significant compared to the damage caused by the original hole. 
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Figure 5. 69.  Tension along the surviving fiber for holes of all shapes with one 
extra break on each end 9,  0.5N ε= = . 
 
Figure 5. 70. Maximum tensile stress concentration factors along the crack plane, 
9=N . 
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Figure 5. 71. Discrete tensile stress gradient ahead of the hole tip, 13N =  
Figure 5.71 shows the tensile stress gradient along the crack plane for 
different eccentricity.  The hole with less eccentricity has higher stress gradient than 
the circular hole, but with one additional fiber break at the tip, the two holes have 
about the same stress gradient.  So when the size of the hole is small, the extra fiber 
breaks play a very important role.  It takes away the difference of the stress field due 
to the original shape of the hole.  Figure 5.72 compares the maximum tensile stress 
concentration due to an elliptical hole, an elliptical hole with one extra fiber breaks 
at each tip and an elliptical hole with equivalent transverse dimension as the one 
with extra fiber breaks.  When the eccentricity is small, the shape of the hole makes 
little difference and the transverse dimension determines the maximum stress 
concentration factor. While for a circular hole, the one with extra fiber breaks has 
the highest stress concentration among all the cases.  Again, this effect is also 
expected to vanish when the size of the hole is much larger than the fiber diameter. 
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Figure 5. 72. Maximum tensile stress concentration factors versus eccentricity 
 
Figure 5. 73. Maximum stress concentration factors for a circular hole and a crack. 
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Figure 5.73 plots the tensile stress intensity factors versus the transverse 
dimension of the hole for four cases.  The maximum tensile stress for a large crack 
is described in equation (5.3). Therefore with one additional fiber break at the tip, 
we have the stress intensity factor  
( )2 1 2 4NK Nπ+ ≈ + +                                   (5. 58) 
As N increases, we have 
12 →+
N
N
K
K
                                                   (5. 59) 
Equation (5.59) suggests that the effect of extra fiber breaks for a crack on the 
maximum tensile stress concentration factor vanishes as the transverse dimension 
increases.  The same trend is also shown in Figure 5.73. 
However, for a circular hole, a different story emerges for the size we tested.  
The extra breaks at the tip increase the maximum stress concentration factor 
significantly and as the size increases, the effect becomes more obvious.  Intuitively, 
we expect that the extra fiber breaks don’t shift the tensile stress concentration much 
when the size of the hole is much larger than the fiber diameter since all the large 
holes with the same transverse dimension have the same maximum stress 
concentration factor.  Therefore, there must be a critical value for the number of 
broken fibers such that the difference of the stress concentration factors between the 
circular hole and the circular hole with extra fiber breaks starts narrowing down and 
eventually disappears. 
Figure 5.74 shows that the extra fiber breaks slightly increase the stress 
gradient at the tip of the hole and overall the stress gradient decreases as the number 
of broken fibers increases over 30 for both cases.  For a large hole, all the fibers are 
almost equally overloaded and a few fiber breaks near the tip of the hole don’t affect 
the stress distribution much as suggested by Figure 5.74.   
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Figure 5. 74. Tensile stress gradient versus transverse dimension of the hole.  
 
Figure 5. 75. Maximum shear stress in the matrix bay for a circular hole and crack. 
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Therefore considering the random distribution of the fiber strength, any fiber 
in the composite plane could fail and even overpower the original stress field.  The 
failure process can be modeled by Monte-Carlo method in the future to predict the 
fracture stress. 
The shear stress distribution shows similar properties as the tensile force on 
the fiber.  Figure 5.75 plots the shear stress against the number of broken fibers for 
both a crack and a circular hole.  We can see that one additional fiber break at each 
side has less impact for a crack than for a circular hole.  The dramatic increase of 
the shear stress at the hole tip suggests a larger and more severe damaged area.  
Note that, the maximum shear stress for the crack in both cases is always much 
higher than for the circular hole, so the crack always has more severe matrix 
damage zone.  This verifies Potter’s experimental results (Potter, 1977) that the 
modification of the stress distribution due to the formation of damage zone 
eliminates any effect due to the initial shape of the notch.  The crack not only has 
the highest tensile stress concentration, but also the highest shear stress, which 
causes more damaged matrix bays  that reduces the efficiency of stress transfer near 
the tip of the crack, and thereby reduces the tensile stress on the fibers. 
5.3.3 Conclusion 
In this section, we studied the stress field near an elliptical hole containing 
up to seventy broken fibers and drew connection between the elastic analysis and 
the discrete shear-lag model.   
Potter (1977) classified the holes into two categories: “large” and “small” 
based on the value of the stress gradient at the hole tip.  Large holes initiate a 
sequential failure process and their effect is entirely predictable by orthotropic 
analysis on the assumption of material homogeneity.  On the other hand, small holes 
are characterized by the fact that the fiber failure doesn’t initiate the sequential fiber 
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failure process but forms stable damage zones that involve matrix yielding or 
debonding, or interface failure. 
However, Potter (1977) still assumes that the material is homogeneous 
continuum.  The fiber reinforced composite material is highly anisotropic and 
heterogeneous when the dimension of the hole is not much larger than the fiber 
diameter, which is the case our numerical experiment has been focused on.  So in 
fact, our hole is even smaller than Potter’s “small” category, which we call “tiny” 
hole.  The results show that the tiny holes exhibits very different property than the 
“small” hole and the “big hole”. 
• The maximum tensile stress concentration for a tiny hole is determined by 
the elastic constants of the material, the eccentricity, the transverse 
dimension of the hole and the fraction of the width *w  between the 
centerline of the first surviving fiber to the hole tip.  On the other hand, in 
elastic analysis, the maximum stress concentration factor is solely decided 
by the elastic constant and the eccentricity.  
• The tensile stress gradient for a tiny hole increases with the transverse 
dimension of the hole first and then decreases as the size continues to 
increase.  The turning point depends on the elastic constants and the 
eccentricity of the hole.  This is not reflected in Potter’s analysis since his 
small hole is still much larger than the tiny hole. 
• The additional fiber breaks at the tiny hole tip add to the stress 
concentration, increase the stress gradient and eliminate the effect due to 
initial shape of the hole, but it’s expected to have much less impact for a  
“large” hole. 
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• The fraction, φ , between the centerline of the first surviving fiber and the 
hole tip plays a fairly importantly role for a tiny hole, but this measure 
doesn’t exist in the continuum elastic analysis. 
Overall, elastic analysis and shear-lag analysis achieve good agreement on the stress 
field near an elliptical hole.  For the stress gradient, the modified gradient definition 
for elastic analysis is needed to make comparison.  
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6.  Stress Field near an Elliptical Hole in an Elastic 
Matrix with Local Yielding or Debonding 
6.1 Introduction of the linear influence superposition 
We now consider calculation of the local fiber and matrix stress 
concentrations due to holes where the material is removed and the matrix material 
may deform in an elastic-perfectly plastic manner, or debond from the fiber causing 
constant frictional forces at the interface. 
 
Figure 6. 1. Stress-strain curve of the matrix material in shear. 
As shown in Figure 6.1, the shear reponse is elastic for yn γγ <<0 , and is 
perfectly plastic for dny γγγ ≤<  and debonding occurs for for nd γγ ≤  after which 
a frictional shear traction applies.  When the matrix deforms elastically, nT  and nΓ  
are equivalent.  By equation (2.8) and (2.11) the non- dimensional yield stress and 
debond criteria become 
1,   1y yT = Γ =                                                    (6. 1) 
and  
/ ,    /d d y d d yT τ τ γ γ= Γ =                                         (6. 2) 
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  We let dΓ = ∞  for pure yielding case and 1y y dT = Γ = Γ =  for the pure 
debonding case.  Combined with the fiber break problem and the isolated segment 
problem, the isolated shear couple problem as shown in Figure 6.2, which is the 
stress distribution due to a counter clockwise point shear force couple, is used to 
model the stress field near an elliptical hole in an elastic matrix with local yielding 
or debonding.    
The linear influence superposition technique in terms of corrective body 
forces and couples, as initially developed by Beyerlein and Phoenix (1996), is 
applied to calculate the stress field.  When the lamina is loaded at infinity by an 
edge force per fiber P, the matrix behaves elastically till P  reaches yP .  Yielding or 
debonding of the matrix will spread as we increase P further and the normalized 
shear strain in the entire yielded or debonded matrix will become greater than the 
normalized critical yield strain or critical yield strain to cause interfacial failure.  To 
compensate for the unwanted elastic behavior driven by the elastic solutions only, a 
linear shear load couple (a compensating body couple) is applied on the yielded or 
debonded matrix along its length δ2 , to approximate the effects of the plasticity or 
debonding. 
As in the elastic case, we consider an auxiliary problem where the remote 
load is zero but the load at the boundary of the holes is P− .  The normalized shear 
stress in all damaged matrix elements is *T , where yTT =*  for a yielded matrix 
element and dTT =*  for a debonded matrix element.  The total load on each of the 
matrix elements is equal to a weighted sum of the loads transmitted by the other 
damaged matrix, the fiber breaks, the isolated segments and the “self-applied” load. 
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6.1.2  Load transmission factors 
As stated in Chapter 4, since the fiber break problem, the isolated segment 
problem and the isolated couple problem are all translation invariant, all the load 
transmission factors are only dependent on the distance between various pairs of 
fiber breaks, broken segments and damaged matrix elements ( ),i j i jn n ξ ξ− − .  We 
define kiΧ  as the effective force distribution transmitted onto fiber break k  at 
( )kkn ξ,  due to a shear load couple ( ) ,  0,  1vS vζ =  imposed across matrix element 
i  at position ( )ζξ +iin , , where ηζη ≤≤− , 1,2,...,i λ=  and λ  is the number of  
the damaged matrix element.   That is,  
( ) ( ) ( )
( ) ( )
,
,
i
k i
i
k i
v
ki v k c n n k
v c n n k i
S L d
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ξ η
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More specifically, 
( )0
kiΧ  is the load transmitted to the fiber at position ( )kkn ξ,  due 
to a uniform shear couple ( ) ( )ζξξ 00 SS i =−  and 
( )0
kiΧ  is the load transmission 
factor at position ( )kkn ξ,  due to a linear shear couple ( ) ( )ζξξ 11 SS i =− . 
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Figure 6. 2. Isolated shear couple problem. 
 
Next, we define kiΠ  as the effective force distribution transmitted onto 
isolated segment k centered at ( )kkn ξ,  due to a shear load couple ( ) ,  0,1Sν ξ ν =  
imposed across matrix element i  centered at ( )iin ξ, .  In our model, kiΠ  is a first-
order polynomial approximation fro the induced tension per unit length across the 
broken segment at ( )ζξ +kkn , , where ζ  is the local axial coordinate about the 
center of a broken segment and δζδ ≤≤− .  Thus kiΠ  has the following form: 
( ) ( ) ( ) ( ) ζζ ννν kikiki ,1,0 Π+Π=Π                               (6. 4) 
where 
( ) ( ) ( )0, , k iki c n n k iS L d
δ
ν
ν
δ
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−
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− −−=Π
δ
δ ξξ
ν
ν ζ
ξ
ζξξ
ζ d
d
dL
S
k
ik innc
ki
,,0
 
Lastly, we define ( )vlkΝ  as the effective shear load distribution across matrix 
element l  at ( )lln ξ,  due to shear distribution couple, ( ) ,  0,1vS vζ =  imposed 
across matrix element k centered at ( )kkn ξ, . Similar to ( )vlkΨ , we assume  
( ) ( ) ( ) ( )ζζ vlkvlkvlk ,1,0 Ν+Ν=Ν                                    (6. 5) 
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for ηζη ≤≤− , λ,...,2,1=k  and 1,0=v .  Using a Taylor series, we get 
( ) ( ) ( ) [ ]
0,
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The indicator function ensures that for a damaged matrix element, a given shear 
couple distribution is “self-transmitted” along its own length.  
We can now solve for the weighting factors of all the fiber breaks and 
damaged matrix elements using the following matrix linear system: 
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In this matrix equation, bP−  is N ′ -dimensional vectors, cP− , 1P  and 2P are both s -
dimensional vectors and *0T  and *1T  are t -dimensional vectors. The ( )sN +′ -
dimensional vector [ ],  b cP P− −  has components PPi −=−  for 1,2,...,i N s′= +  
and the s -dimensional vectors 1P  and 2P  have components 02,1, == kk PP for 
1,2...,k s= . For the matrix, the t -dimensional vector *0T  has components 
yk TT ±=*0,  or dT±  for λ,...,2,1=k  depending on whether the corresponding 
matrix is yielded or debonded. Finally, *1T  has components 0*0 =T  for tk ,...,2,1= . 
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We only calculate the stress concentrations in the local fibers and matrix 
regions near the hole tip and investigate the effect of matrix yielding and debonding.  
We assume that all the fibers have sufficiently high strength such that no fiber 
breaks occur.  The stress applied to the composite is taken to be the stress applied to 
the fiber.  We define NyP ,  be the applied load which initiates the damage in a 
composite lamina with an elliptical hole containing N  broken fibers. 
Two kinds of damage will be considered.  In the first case, the matrix 
elements are elastic-perfectly plastic and perfectly bonded to the fiber.  In the 
second case, once the shear strain reaches the debond threshold, the matrix will 
debond from the fiber and sliding occurs s under a constant interfacial traction, dT . 
We start with a simple example of one broken fiber and then move to the 
elliptical holes.  In all the following examples, the applied load is non-decreasing. In 
another words, none of the damaged elements will unload, and once added, they will 
remain damaged.  We will take advantage of the configuration’s double symmetry 
for the following simulation: the stress field is only calculated in a quarter plane. 
6.3  Case 1: One broken fiber 
We use the computational scheme from Beyerlein, Phoenix and Sastry 
(1996).  For the hole consisting of one broken fiber, 1N = , in an infinite lamina 
with tensile force P, the composite will deform elastically till the load reaches ,1yP . 
When ,1yP P≥ , the matrix will begin to yield or debond around the fiber break ends 
in all four quadrants.  Most likely, the “virtual elastic” strain will exceed the 
threshold strain yΓ  in many matrix elements, but in our simulation, we consider 
incrementally the most heavily overloaded group at a time and achieve the 
equilibrium for the composite plane accordingly.  If the adjacent matrix elements 
are not overloaded, then the incremental process stops here and the stress field are 
  142 
calculated accordingly. However, if the next set of four matrix elements’ shear 
strain is greater then the threshold, the above process is repeated incrementally till 
the shear strain nΓ  in the adjacent matrix elements falls below the threshold.   We 
Define iv  as the 
thi  set of four damaged matrix elements added when ,1i yP P P≥ >  
and iP  produces stability with iv . 
 
. 
 
Figure 6. 3.  Two dimensional infinite lamina with N=1 broken fiber and debond 
zone αξ ≤≤0 .  
 
We let yv  be the maximum value of v , in other words, yv defines the 
boundary of the elastic/inelastic zone in a quarter plane of the composite for a given 
load P.  Thus yv satisfies the following condition 
( )( ) ( )( )2 1 1 2 1n y y n yv vδ δΓ + < Γ = < Γ −                              (6. 6) 
where ( )( )2 1n yv δΓ +  is the normalized shear strain at the center of the elastic 
element adjacent to the damage zone, and ( )( )2 1n yv δΓ −  is the corresponding 
shear strain at the center of the last damaged matrix element inside the damage zone. 
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In another words, we determine the damage region by monitoring the normalized 
shear strain ( )n ξΓ  at the center of the matrix elements in the vicinity of the hole.  
Thus from the definition of yv , there are 4 yvλ =  damaged elements in total.  Figure 
6.3 shows the progression of the damage zone, which has two groups of damaged 
elements. As explained above, 2yv =  in this case and there are eight damaged 
matrix elements.  
The simplest case of “an isolated fiber break” with remote load 5.1=P , is 
studied first.  Figure 6.4 plots the normalized shear distribution along the damaged 
matrix which is purely yielded or purely debonded with different sliding friction at 
the interface.  The figure shows that the damage zone becomes larger and the shear 
stress drops faster as the sliding friction decreases.  Outside the damage region, the 
normalized shear stress is below the normalized yield stress in shear and quickly 
decays to zero.  Lower interface sliding friction leads to faster decay of the shear 
load.   
Figure 6.5 plots the tensile stress concentration factor along the first 
surviving fiber accordingly.  The figure shows that the debonding and yielding does 
reduce the stress concentration factors for the first surviving fiber.  The maximum 
stress concentration is not necessarily at the crack plane 0=ξ .  For very low 
friction, the maximum stress is at the boundary of the elastic and inelastic zone 
( )ηξ 12 −= v .  The ineffective, overloaded fiber lengths increase due to the increase 
in matrix damage. 
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Figure 6. 4. Shear stress distribution along the damaged matrix near an isolated fiber 
break. 
 
 
Figure 6. 5. Tension along the first surviving fiber near an isolated fiber break. 
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In the extreme case of pure debonding there is no sliding friction at the 
debonded interface of the fiber and matrix bay, suggesting that the damaged matrix 
in fact also disables the fiber element between the damaged matrix bays.  In another 
words, the fiber element between the damaged matrix elements doesn’t support any 
tension. Therefore, it is equivalent to the elastic case where the fiber element is 
removed.   Figure 6.5 also compares the stress distribution between the elastic case 
where the fiber element at 6.26.2 ≤≤− ξ  is removed and the pure debonding case 
where matrix bay at 6.26.2 ≤≤− ξ  is damaged and 01.0=dT .  We can see that 
both cases have the same stress distribution and suggest the equivalence of both 
solutions.  
Van Dyke and Hedgepeth (1969) obtained the analytical results for a single 
fiber break in an elastic matrix with local debonding and 01.0=τ .  For the 
maximum load ratio 073.1/ =yPP , their threshold debond length was 
approximately 2.  Our numerical experiment shows excellent agreement with this 
solution. 
We can also increase the damage region by increasing the applied load at 
infinity.  Beyerlein and Phoenix (1996) did a very thorough study from this angle 
with the quadratic influence superposition (QIS) technique.  They found that for all 
crack lengths N  and rangees of P , the damage zone increases linearly with the 
applied load,  which agrees with the simpler model of Beyerlein et. al. (1995) and 
the other shear lag models (Hedgepeth and Van Dyke, 1967; Zweben, 1974).  They 
also found that larger cracks have larger damage regions due to a higher stress 
concentrations at the crack tip and the ratio of the plastic growth rate to debond 
growth rate is approximately the ratio of the debonding frictional stress to the yield 
stress.  
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Next, we investigate the matrix yielding and debonding near a single broken 
fiber with gap length a2 .  Figure 6.6 shows the normalized shear stress along the 
damaged matrix bay for a single broken fiber.  Similar to the single fiber break case, 
pure debonding causes a larger damage region than pure yielding, due to less stress 
transfer at the interface.   Figure 6.7 plots the normalized tensile stress along the 
first surviving fiber for yielding and debonding, both of which reduce the stress 
concentration necessarily.  As expected, debonding has higher stress reduction for 
the same remote load.  
 
 
 
Figure 6. 6. Shear stress along the damaged matrix near a broken fiber 
5.0,15.3 == aP  
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Figure 6. 7. Tension along the first surviving fiber near a broken fiber, 
12,15.3 == aP  
 
Figure 6. 8. Damage region versus different gap length 
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Figure 6.8 plots the extent of the yielded region for a broken fiber with gap length 
a2  and different load.  We can see that the damage region decreases linearly with 
the gap length of the broken fiber and eventually converges to a stable amount. The 
remote load increases the damage region approximately linearly as seen from the 
graph, which is also observed for a crack in Beylerlein and Phoenix (1996). 
6.4 Case 2: elliptical hole 
Since the crack case was well studied in Beyerlein and Phoenix (1996), we 
will focus on holes where the material is removed and check how the shape of the 
hole influences the yielding or debonding of the matrix bays.  Figure 6.9 shows an 
elliptical hole with the matrix bay at the hole tip either yielded or debonded in a 
two-dimensional composite lamina.   
 
 
Figure 6. 9 Two dimensional infinite lamina with a central hole consisting of N  
broken fibers and debond zone αξ ≤≤0   and yield zone βξα ≤≤  
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As mentioned in Chapter 5, we only let the matrix bay between the last 
broken fiber and the first surviving fiber yield or debond.  For convenience, we let 
the elliptical hole end with a fiber break, so the maximum stress concentration is 
always at the crack plane 0=ξ .  
Similar to the case above when 1N = , the calculation is elastic in the first 
increment and if the shear strain ( )n ξΓ  at the center of each of the four matrix 
elements surrounding the crack tip is above the threshold ( ) 1n ξΓ = , the entire 
group is considered damaged and yielding or debonding effects will be added to 
these matrix elements.  After this, the virtual load on the matrix and fiber is 
calculated as the weighted sums of the influences of all the fiber breaks, segments 
and damaged matrix elements to that point.  If equation (6.6) for the shear strain is 
satisfied, the simulation stops there.  Otherwise, the damage zone is incremented 
and the whole procedure repeated till the equilibrium condition is satisfied.  
Similarly, ,y Nv  will be used to indicate the extent of the damage zone (i.e. 
there are ,4 y Nv×  damaged matrix elements in total) that depends on both the applied 
load P  and shape of the hole. 
6.4.1 Stress distribution near a crack 
We first plot the stress field near a crack with size 9=N .  Figures 6.10 and 
6.11 show the tension along the first surviving fiber and the shear stress along the 
yielded ( 1=yT ) matrix bays near a crack containing 9 broken fibers.  Again, 
yielding significantly decreases the stress concentration on the surviving fiber ahead 
of the crack tip, and the overloaded fiber lengths increase due to an increase of the 
matrix damage.   In order to compensate for the excess displacement of the overload, 
the fiber concentration factor drops slightly below the remote load before rising to 
recover its load.   Furthermore, the matrix yielding also decreases the load recovery 
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rate in the fiber direction.  Outside the damage region, the shear stress quickly 
decays to zero at a faster rate for an isolated fiber break than for a crack with 9=N . 
Figure 6.12 shows the maximum stress concentration factor along the crack 
plane 0=ξ  immmediately ahead of the crack tip.  As shown, the damage zone 
effectively reduces the stress concentration decay rate away from the tip.  Thus, the 
load recovery rate is also reduced by the damage region in both direction.  Beyerlein 
and Phoenix (1996) also observed the same effect of matrix damage on the stress 
decay.  They pointed out that as a result, only the frist few surviving fibers 
experience a reduction in the stress concentration and the fibers further away would 
be more overloaded than the correponding elastic case. 
 
 
Figure 6. 10. Tension along the first surviving fiber near a crack, 9=N . 
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Figure 6. 11. Shear stress along the damaged matrix near a crack, 9=N . 
 
Figure 6. 12. Maximum stress concentration factor along the crack plane near a 
crack, 9=N . 
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Figure 6. 13. Stress gradient normalized by the maximum elastic SCF near a crack. 
Figure 6.13 plots the stress gradient normalized by the maximum stress 
concentration factor of a comparable elastic crack ahead of the crack tip for 9=N . 
The figure shows that larger matrix damage leads to a slower load decay rate near 
the crack tip but a slightly larger rate several fibers away from the tip.  Overall, the 
stress gradient has been reduced greatly by the yielded matrix elements.  This agrees 
with the conclusion in Beyerlein and Phoenix (1996) that only a few surviving 
fibers have their load reduced and the subadjacent fibers are more overloaded with 
yielding. 
6.4.2 Stress distribution near an elliptical hole 
Figure 6.14 compares the stress concentration factor near a circular hole 
consisting of 9  broken fibers along first surviving fiber between the elastic case and 
yielding cases for 0.3,2,4.5β = .  In both cases, the maximum stress concentration 
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is at the crack plane, 0=ξ .  The figure shows that matrix yielding significantly 
decrease the stress concentration factor immediately ahead of the hole tip and the 
overstressed fiber lengths increase due to an increase of matrix damage. 
 
Figure 6. 14. Tension along the first surviving fiber near a circular hole, 9=N . 
 
Figure 6.15 compares the shear stress distribution along the axis of the first 
surviving fiber between the elastic case and yielding cases for 5.4,2,3.0=β .  The 
shear stress drops down at a faster rate for a circular hole than for a crack.  
The effect of eccentricity of the elliptical hole on the maximum stress 
concentration factor with matrix yielding is shown in Figures 6.16 and 6.17.  With 
the same remote load and transverse dimension, the damage region near the hole 
decreases due to an increase of the eccentricity.  However, the impact of the 
eccentricity is less obvious as the load increases.   
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Figure 6. 15. Shear stress profile along yielded matrix near a circular hole, 9=N . 
 
Figure 6. 16.  Yielded region near an elliptical hole, 1=yT ,  9=N . 
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Figure 6. 17. Maximum stress concentration factor with local yielding 1=yT , 9=N  
near an elliptical hole 
 
Figure 6. 18. Maximum stress concentration along the crack plane near a circular 
hole, 1=yT , 9=N . 
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From the figure, we can see that the damage region approximately grows 
linearly with the remote load, which is also expected for pure debonding case.  The 
slope of the yielded region versus the remote load is expected to increase with the 
transverse dimension of the hole since more broken fibers lead to a higher stress 
concentration factor.   
Figure 6.17 shows that more matrix damage leads to a more significant 
reduction in the stress concentration ahead of the crack. At the onset of yielding, the 
maximum stress concentration factor decreases rapidly and the impact of the 
eccentricity is very obvious, but further increases in the remote load result in a 
slower decline and diminishes the influence of the eccentricity. 
Figure 6.18 plots the maximum stress concentration factor along the crack 
plane near a circular hole.  The stress concentration is reduced by the matrix damage 
significantly.  Compared to the crack, the matrix damage decreases the tensile stress 
concentration slightly less for a circular hole.   
Figure 6.19 shows the stress gradient along a crack plane of comparable 
dimensions.  Although the circular hole has less stress gradient than a crack for the 
elastic case with no yielding, with comparable matrix damage the circular hole turns 
out to have the larger gradient.  In other words, the matrix damage reduces the load 
decay rate and the stress concentration near the crack more than to the circular hole.   
Considering the crack has a bigger stress concentration and higher stress 
gradient in elastic case, the difference of the stress field near a hole and a crack is 
smeared by matrix yielding.  This agrees with the experimental results that the 
matrix damage blunts the hole and eliminate the effect of the original hole shape. 
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Figure 6. 19. Stress gradient along the crack plane at a circular hole 1=yT , 9=N . 
 
Figure 6. 20. Tensile stress concentration factor along the crack plane for holes with 
one additional fiber break at the tip. 
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6.4.3 Stress distribution with crack propagation 
Figure 6.20 plots the stress distribution along the crack plane 0=ξ  when 
there is one additional fiber break at each side of a hole tip and crack tip, 
respectively.  The figure shows that the stress concentration factors are almost 
identical for a circular hole and a crack with local matrix yielding and a large load at 
infinity. This is very strong evidence that yielding or debonding eliminates the 
effect of the initial size of the hole.  So the size of the hole is much more important 
than the shape of the hole for the fracture behavior of the composite lamina.  
6.5 Conclusion 
In this chapter we studied the impact of matrix yielding or debonding on the 
stress field near a single broken fiber and an elliptical hole.  The simulation shows 
that either yielding or debonding of the matrix reduces the stress concentration and 
the load recovery rate in both longitudinal and transverse directions.  Larger damage 
region causes larger reductions accordingly.  For the same remote load, the damage 
region decreases as the longitudinal dimension increases but eventually converges to 
a stable size.   
Most importantly, the numerical experiments show that the modification of 
the stress field due to the formation of yielding or debonding zones modifies the 
stress field near a hole and eliminates the effect of the initial shape of the hole.  
When there is an additional fiber break at the tip of the hole, the circular hole and 
the crack lead to the same stress field with matrix yielded under sufficient remote 
load.  On the other hand, the size has a strong influence on the fracture strength of 
the composite plane, which is clearly observed both in our numerical model and 
experimental results (Potter, 1977). 
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7.  Discussion and Conclusions 
 We have developed a computationally efficient numerical technique to 
model the stress field near a hole where the material is removed or inactivated in a 
two-dimensional fibrous composite lamina based on shear-lag analysis.  The model 
is an extension of the break influence superposition (BIS) technique and the 
quadratic influence superposition (QIS) technique, and also using elements based on 
distributed dislocation theory.  This computational technique is capable of modeling 
the stress field near various holes of different shapes, such as an elliptical hole, 
wedge, and square hole, and accounting for various forms of damage, such as newly 
introduced fiber breaks, matrix yielding, and fiber-matrix debonding.  Unlike the 
other computational approaches, we only need to discretize the damaged area, such 
as the hole or the damaged matrix, and thereby the computational load is only 
related to the extent of the damage area. 
In the examples, we have illustrated its use on a single broken fiber, a 
diamond shaped wedge and an elliptical hole in an elastic composite lamina.  The 
shear-lag solution shows excellent agreement with the results from the elastic 
solution (Williams et al. 1953; Bishop, 1972; Potter, 1977).  The longitudinal 
dimension of the hole reduces the stress concentration ahead of the crack and the 
stress gradient both longitudinally and transversely.   
For the wedge, we found that the maximum stress concentration increases 
with the size of the hole with approximately the same rate as a crack when scaled 
the opening angle is 2/πθ ≤ .  Based on the observation of the shear stress 
distribution, we introduced an empirical power-law formula to compute the 
maximum tensile stress concentration factor ahead of the wedge tip.   
For the elliptical hole, we have studied the size effect of the hole and related 
the stress gradient near the hole with the fracture behavior of the composite.  We 
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found that the maximum stress concentration factor of a circular hole is determined 
only by the material elastic constants for large holes containing at least a few 
hundred broken fibers.  For smaller holes, the stress maxima are increased by the 
size of the hole.  The stress gradient near the hole tip increases for extremely small 
holes containing less than fifty broken fibers but starts decreasing once the hole gets 
larger.  Both solutions achieve great agreement on these observations.  Furthermore, 
we introduced new fiber breaks at the tip of the hole and investigated its effect on 
the stress distribution and stress gradient near the hole.  The study shows that new 
fiber breaks at the tip of small holes increase the stress concentration and the stress 
gradient and eliminate the effect due to the initial shape of the hole, which is 
expected to be less obvious for large holes. 
 The next concentrated topic is the effect of matrix yielding or debonding on 
the fracture behavior of the composite.  We focused on two examples: a single 
broken fiber and an elliptical hole.  The results show that either plastic yielding or 
fiber-matrix debonding not only significantly reduces the stress concentration at the 
hole tip,  it increases the load transfer length and decreases the stress gradient ahead 
of the crack tip.  The hole tip is blunted by the matrix damage very effectively, and 
thereby the initial shape of the hole is less important than the transverse size of the 
hole for small holes.  
Since fiber strengths and location of flaws are completely random and hard 
to predict, fibers don’t necessarily fail sequentially although that’s the location of 
the highest stress concentration.  Experimental observations on metal-matrix 
composites show that subsequent fiber breaks don’t exactly occur in line with the 
crack and the crack extends in a non-planar fashion.  Our results show that both 
large holes and matrix damage cause smaller stress decay rate along the crack plane 
and decrease the maximum stress concentration at the hole tip, so it will be very 
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important to know which is more harmful to the composite strength, broader 
overloaded regions or higher stress concentrations.  Studies using Monte-Carlo 
simulations assuming fibers following a Weibull distribution for strength (Goda and 
Phoenix, 1994) suggest that high, localized stress concentrations lower the notched 
strength but increase the composite strength.  Some future study involving the 
statistics of fiber strength and this stress analysis will be needed to draw the 
conclusion on what’s more important for composite strength. 
In our fiber break propagation model, we conveniently assumed the fiber 
breaks are at the location of highest stress concentration and shear reversals and 
elastic unloading has not been considered.  It’s actually very straightforward to 
account for non-planar crack extension and treat shear reversals and elastic 
unloading using the current computational scheme.   When the local stress on a fiber 
element reaches its assigned strength, the load on this newly introduce fiber break is 
unloaded to zero and the nearby matrix element is monitored and compared to its 
previous strain to determine whether it is elastic, yielded, debonded or unloaded 
elastically.  The deformation history needs to be stored to determine which part of 
the constitutive stress-strain curve is applied.  The newly calculated shear strain in 
the previously damaged matrix also needs to be checked to achieve consistency in 
all matrix elements.  Once the status of the matrix element is taken care of, the 
method proceeds to the next increment until no new fiber element have their 
strength exceeded.  This numerical method also allows non-linearity of the 
constitutive laws. 
 Compared to other computational techniques, our superposition technique is 
at least orders of magnitude more efficient and the computation load is only driven 
by the size of the damaged area, not the size of the composite plane.   Agreement 
between the shear-lag theory and the elastic theory boosts confidence in the shear-
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lag model and reinforces its validity.  The capability of dealing with matrix damage 
and accounting for the shapes of holes including introducing new fiber breaks 
efficiently gives the shear-lag model the largest advantage over the elastic analysis 
and the other computational methods. 
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APPENDIX A 
The following integration calculates the impact of an isolated segment of 
length δ2  with distributed fiber breaks.  From the shear lag theory, we know the 
impact of an isolated break is  
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For the displacement and shear stress distribution, when ( ) 11 =ζT , aki ≤−ξξ  
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APPENDIX B 
The load transmission factors can be integrated semi-analytically. 
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